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Abstract 

The construction of auxiliary matrices for the six-vertex model at a root of unity 
is investigated from a quantum group theoretic point of view. Employing the concept 
of intertwiners associated with the quantum loop algebra Uq{sl2) at = 1 a three 
parameter family of auxiliary matrices is constructed. The elements of this family 
satisfy a functional relation with the transfer matrix allowing one to solve the eigenvalue 
problem of the model and to derive the Bethe ansatz equations. This functional relation 
is obtained from the decomposition of a tensor product of evaluation representations and 
involves auxiliary matrices with different parameters. Because of this dependence on 
additional parameters the auxiliary matrices break in general the finite symmetries of 
the six-vertex model, such as spin-reversal or spin conservation. More importantly, 
they also lift the extra degeneracies of the transfer matrix due to the loop symmetry 
present at rational coupling values. The extra parameters in the auxiliary matrices are 
shown to be directly related to the elements in the enlarged center Z of the algebra 
Uq{sl2) ni = 1. This connection provides a geometric interpretation of the enhanced 
symmetry of the six-vertex model at rational coupling. The parameters labelling the 
auxiliary matrices can be interpreted as coordinates on a hypersurface Spec 2 C C 
which remains invariant under the action of an infinite-dimensional group G of analytic 
transformations, called the quantum coadjoint action. 
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1 Introduction 



Almost forty years ago Lieb ^ El El and Sutherland 01 solved the six- vertex or XXZ model 
associated with the following quantum spin-chain Hamiltonian, 



M _1 

H = Y. + + - 1) , axf/i = ^r^' • (1) 

m— 1 

Here crf„, crjj,, cr^ are the Pauli matrices acting on the m*^ site of the spin-chain. Applying the 
coordinate space Bethe ansatz the eigenvalues of the Hamiltonian |^ and the associated 
transfer matrix (see equation (jSJ below) can be determined by the solutions of the following 
set of equations, 

[ sinh l(z.f -t- I ^ _ sinh l(^f - uf + 2^^) 

\ sinh \ {uf - Z7) J l\ sinh i (zif ^ uf - 2*7) ' ^ ^ , 7 t « ■ {^) 

The integer ns is related to the total spin of the associated eigenvector. Throughout this 
article I shall refer to the finite solutions uf as Bethe roots and to ^ as the Bethe ansatz 
equations. 

In recent years the Bethe ansatz equations and the algebraic structure of the six-vertex 
model at roots of unity, = 1, have again been the focus of discussion, see e.g. [SI [3 
(HI O 1101 ITTl . These new developments address the nature of the extra degeneracies in the 
spectrum of the six- vertex transfer matrix and |^ at a root of unity. The discovery of these 
degeneracies originated in Baxter's papers on the eight-vertex model [IHI 1171 Hl^ . where the 
six-vertex limit can be taken. Thirty years later Deguchi, Fabricius and McCoy showed 
that there is an infinite-dimensional symmetry underlying these degeneracies |H1. In the 
commensurate sectors where the total spin is a multiple of the order N the transfer matrix 
and thus the Hamiltonian can be shown to be invariant under the action of the loop 
algebra SI2 = ® C[t, Although the present discussion is limited to the six- vertex 

model with spin one-half, the occurrence of the loop symmetry at roots of unity is a general 
phenomenon. See |12[ for generalizations to models with higher spin and higher rank. 

Fabricius and McCoy pointed out (3 (HI that in order to understand the structure of the 
degenerate eigenspaces and the enhanced symmetry at rational coupling it is not sufhcient 
to look at the solutions of the Bethe ansatz equations (0) alone. In fact, the loop symmetry 
shows that the degenerate eigenspaces of Q at = 1 contain linear combinations of 
states whose total spin differs by multiples of N . Hence, the coordinate space Bethe ansatz, 
which starts from the assumption of spin-conservation, is not suitable for analyzing the full 
symmetry present at roots of unity. An alternative approach which solves the eigenvalue 
problem of integrable models such as and does not rely on the conservation of the total 
spin is the concept of auxiliary matrices. This technique was first introduced by Baxter in 
connection with his solution to the eight- vertex model El El El El • His method will 
be briefly described in Section 1.2 below. 

In this article auxiliary matrices for the six-vertex model at roots of unity will be con- 
structed which differ from Baxter's. The differences will be explained in detail in Section 
1.3. The construction procedure and the assumptions made on the form of the auxiliary 
matrices in this work are motivated by the known results on root-of-unity representations of 
the quantum loop algebra Uq^sl^) and its finite counterpart Uq{sl2) (201 1211 f^ . 

The main result of this work is the derivation of a functional relation (see equation H24|l 
below) between the auxiliary matrices and the six- vertex transfer matrix from representation 
theory. All operators in this functional equation are proven to commute with each other 
which allows one to derive the Bethe ansatz equations Q and to determine the spectrum of 
the transfer matrix. This will be explicitly demonstrated for two examples. It is important 
to note that this functional equation is different from the one considered by Baxter (see equa- 
tion 1(18(1 ^. The functional equation derived in this article involves three different auxiliary 
matrices instead of only a single one. 
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In addition, the auxiliary matrices are shown to break the finite and the infinite-dimensional 
symmetries of the six-vertex model at roots of unity due to the dependence on special pa- 
rameters. These parameters encode a rich geometric structure which makes the auxiliary 
matrices mathematically interesting objects for further studies. At the end of this paper 
the action of an infinite-dimensional automorphism group will be defined on the auxiliary 
matrices using the results in 1211 1^ ■ Since all auxiliary matrices will be shown to commute 
with the six-vertex transfer matrix, while they in general do not commute among themselves, 
this group action manifests the infinite-dimensional non-abelian symmetry of the six-vertex 
model a,t = 1. Recall that the loop symmetry has only been established in the commen- 
surate sectors where the total spin is a multiple of iV [HI I12L [T5| . In contrast the auxiliary 
matrices will be defined for all spin-sectors. 

The focus of this paper is mainly on the construction of the auxiliary matrices, their 
properties and their geometric description. The implications for the analysis of the degenerate 
eigenspaces of the six- vertex model will be subject to future investigations \2'6\ . 

As the discussion of the degeneracies at roots of unity and the construction of auxiliary 
matrices involves various technical subtleties it is worthwhile first presenting the definition 
of the six-vertex model. This will enable us to make precise statements with regard to the 
different approaches of constructing auxiliary matrices. It will also allow us to briefly review 
recent developments concerning the degeneracies at roots of unity. The connection with the 
literature |16[ 1191 124L 1251 126L HT] concerning previous results on auxiliary matrices for the 
six- vertex model will be made in Section 1.4. 



1.1 The six- vertex model, definitions and conventions 



Consider an M x M' square lattice with the partition function written in terms of the transfer 
matrix T as 



Z{z) 



tr T(z) 

(C2)»Af 



M' 



T{z) 



tr Rom{z)Rom-i{z) 





■Roiiz) 



(3) 



Here R = R{z, q) is a matrix defined over (8) and contains the Boltzmann weights 
associated with the different vertex configurations. 



R 



_ a+b 



a — b 



( 



V 



h 

c' 



(4) 



The above matrices are defined as — (cr^ + io'^)/2,(7^ = [a^ — i(T^)/2 and the lower 
indices in Q indicate on which pair of spaces the i?-matrix acts in the {M + l)-fold tensor 
product of C^. The Boltzmann weights of the six allowed vertices can be parametrized as 
follows, 



{l-z)q 



l-q- 



cz, 



e"-q 



(5) 



1 — zq^ 1 — zq^ 

The function p = p{z, q) is an arbitrary normalization factor which might depend on the 
spectral parameter z and the deformation parameter q. Setting p{z — \,q) — \ the matrix 
becomes the permutation operator at z = 1 and the transfer matrix reduces to the 
shift operator. The associated XXZ spin-chain Hamiltonian Q is obtained by taking the 
logarithmic derivative of the transfer matrix ^ with respect to the spectral parameter. As 
is well known the six-vertex model is intcgrable as the transfer matrix evaluated at different 
spectral parameters commutes with itself, \T{z),T{w)\ = 0. Further, symmetries are given 
by the conservation of the total spin 



[T(z),5'^] = 0, S'^ 



M 
m—l 



and by the commutation of the transfer matrix with the two idempotent operators 



(6) 



(7) 
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The first operator invokes spin-reversal while the second has eigenvalue +1 or —1 depending 
whether the number of down spins n in a state is even or odd. The operators 9^, S can be 
used to derive for spin-chains of even length the useful relations, 

M even:T{z,q-^) ^T{z^\q) and T{z, -q) = eT{z, q) ^ T{z, q)&. (8) 

Because of the degeneracies at roots of unity we will not analyze the structure of the six- vertex 
model via the coordinate space Bethe ansatz (see e.g. QUI for a recent discussion). Instead 
we employ the method of auxiliary matrices and functional equations, which is described 
next. 

1.2 Baxter's auxiliary matrix and functional equation 

In 1971 Baxter noted that the Bethe ansatz equations ^ for the six-vertex model ensure 
the existence of an auxiliary matrix Q subject to the following functional relation with the 
transfer matrix '14', 

T(z)Q(z) = Q(z)r(z) - 6(z)*^Q(z(z2) + a{z f'Q{zq-^) . (9) 

In addition, Baxter postulated (see Section 9.5, page 184 in [19) ') that an auxiliary matrix 
ought to obey the following commutation relations , 

[Tiz),Qiw)] = 0, (10) 
[Qiz),Qiw)] = 0, (11) 
[Q{z),&] = 0, z,weC. (12) 

For w — z, zq^"^ the first two commutators imply that all matrices in the functional equation 
Q can be simultaneously diagonalized. Hence, all the eigenvalues of the transfer matrix 
P|l can be expressed in terms of those of an auxiliary matrix Q{z) provided the latter is 
non-singular. Imposing the commutation relations 1)1 Q|l and (|ll|l for arbitrary values of w 
guarantees that the eigenvectors can be chosen independent of the spectral parameter z. The 
last commutator (112)1 imposes invariance under the transformation q — > — g, cf equation (|^. 
There is no mentioning made in |I9j with respect to the behaviour of the auxiliary matrix 
under spin-reversal. 

The Bethe ansatz equations (0) are recovered whenever the eigenvalue oiQ{z) vanishes for 
some value z = zf while the corresponding eigenvalues of Q{z^q^), Q{z^q~^) are nonzero, 

= Q{zf)T{zf) - a{zff 'Q{zfq-^) + h{zf)^'Q{zfq^) . (13) 

Here the eigenvalues and the corresponding matrices are denoted by the same symbol. The 
zeroes z^ = e"j q^^ coincide with the Bethe roots in (01. Note that there might be further 
zeroes Zj for which all three eigenvalues in ()13)l simultaneously vanish. This is of crucial 
importance for the case when q is a, root of unity. 

1.2.1 Degeneracies and complete N strings at q^ = 1 

Suppose we are given a solution Q{z) to Baxter's equation (PJ which satisfies ()1Q)I . ()ll)l . ()12)l 
and lifts the degeneracy in the eigenspaces of the six-vertex transfer matrix. The functional 
equation then implies for even roots of unity, TV = 2N' ^ that the eigenvalues of Q{z) must 
contain additional factors of the form |7j 

N'-l 

Qn' (z, Zo) = n - 'oq'') = - zf , q'^' = 1 . (14) 

These factors amount to the existence of complete A^'-strings (zq, Zog^, Zo?^^ ^^) first 
observed in the context of the eight- vertex model ^Hl ■ As has been argued by Fabricius and 
McCoy the string center Zq is not fixed by the Bethe ansatz equations |(5J) since the factors 
(fT^ drop out of the functional equation (jnj due to the obvious periodicity 

Qn'{z,Zo) = QN'izq^.Zo) . (15) 
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Note that the string center Zq is in fact only determined up to multipUcation by g^, whence 
the factors H14|l depend on rather than Zo- For odd roots of unity the period of the 
complete strings is given by q rather than q^. 

Consequently, the Bethe ansatz equations |21) alone are not sufhcient to describe the de- 
generate eigenspaces of the transfer matrix [7] . One ought to construct a consistent auxiliary 
matrix which lifts the degeneracy of the six-vertex transfer matrix at roots of unity by fixing 
the string centers Zq. In JTUI (see the comment on page 25, after equation (94)) Baxter argued 
that the arbitrariness in choosing Zq should allow for the existence of a one-parameter family 
of auxiliary matrices at a root of unity. 

We shall see in Section 5 of this article that for N odd there even exists a three-parameter 
family provided the conditions Hll|l and l|12|l are dropped. 

1.2.2 Baxter's construction of auxiliary matrices 

In Baxter's approach to the eight ^1 El El E! f^^d six-vertex model |16[ [T^ two 
"preliminary" auxiliary matrices Qr,l(z) are introduced both of which satisfy the functional 
equation (j^l and are of the following form, 

Q{z) ^ iv Lqm{z / ij)Lt^M-i{z / ii) ■ ■ -Loiiz/n), Lq™ G End(Vb Vm) ■ (16) 



Here /j, S C is a possible scaling factor, Vq denotes the auxiliary space and the tensor product 
of the vector spaces Vm = C^, 1 < m < M forms the quantum spin-chain. Neither of 
the matrices Qr, Ql commutes with the transfer matrix. The final auxiliary matrix which 
commutes with the transfer matrix is given by 

Qsiz) = QR{z)Qji{zn)-^ - Ql(^l)"'Ql(^) ■ (17) 

Here zr^l are some arbitrary reference points at which the matrices Qr.l are supposed to be 
non-singular. In general the auxiliary matrix is therefore not of the simple form (|16|) which 
makes it unwieldy in light of algebraic manipulations. 

In the case of the six-vertex model an explicit formula for an auxiliary matrix was given 
by Baxter only for the sectors of vanishing total spin |16j . 

/ M m-1 M \ 

S' = 0: Q{ztX::i'l, = Uoo exp Ui7 E E («n/?m - + E ■ (18) 

\ m— 1 n— 1 m— 1 / 

Here am, Pm = il are the eigenvalues of cr^ at the m*^ site. This expression ought to hold 
for all values of 7 G M and spin chains of even length. 

1.3 Construction of auxiliary matrices via quantum groups 

In this article a different approach will be used which requires that the final auxiliary matrix 
be of the simple form (|16|l : see also e.g. |2S1|57]. This assumption has several consequences 
for the choice of the i-matrix used in (|l(j(l and for the form of the functional equation with 
the transfer matrix which will turn out to be different from Baxter's equation 0. 

In order to satisfy (|l()(l one now demands that the R and L-matrix obey the Yang-Baxter 
equation |2H1 Ei 

Li2{w / z)Li:i{w)R2z{z) = R2z{z)Li:!,(w)Li2{w / z) . (19) 

In the context of trigonometric integrable vertex models the solutions to this equation can 
be classified through intertwiners associated with quantum groups. The latter are non- 
cocommutative Hopf algebras introduced by Drinfel'd 30' and Jimbo [2]. The algebraic 
structure of quantum groups is intimately linked with the quantum inverse scattering method 
of the Faddeev school Pll^Pj. 

The simplest example of an intertwiner is the six- vertex _R- matrix Q), 

R{z){nl ® 7r?)A(2;) = [{nl ® A°p(x)] R{z), x G Uq{d2) . (20) 
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Here tt^ denotes the two-dimensional evaluation representation of the quantum loop algebra 

7rO(ei) = a+, nUfi) = , Tr^h) = q'^' . (21) 

The symbols A, A°p stand for the coproduct and opposite coproduct whose definition will 
be given in the text (see equations H28(l and (|51(l 'l. The symbols {e^, /i, fci}i=o,i denote the 
Chevalley-Serre generators of Uq[sl2)- 

In the present construction of auxiliary matrices the L-operator will also be defined as 
an intertwiner but with the representation (|21|l in the first factor replaced by a more general 
representation of the quantum loop algebra at a primitive root of unity, = 1 with A'^ > 3. 
That is, the L-matrix in (|16l) has to obey the relation 

LP{wlz){^l ® ^O)A(x) = [« ® ttO) A°p(x)] LP{iu/z), x e U,{7h), (22) 

where tt^ : Uq{sl2) EndVo = EndC^ is some finite dimensional irreducible evaluation 
representation. We will see explicit examples in Section 2; see definition H43|) . However, 
since the trace is taken in ()16|l the explicit form of the representation tt^, only matters up 
to isomorphism. As will be explained in the text one may use the results in [201 EH to 
show that all isomorphic representations can be labelled in terms of points p on a three- 
dimensional complex hypersurface SpecZ C C^. For example when N is odd the points on 
the hypersurface obey 

p=(x,y,z,c = ^ + /i-l)eC^ xy + z + z-i =/^^ + /^-^ . (23) 

The structure of SpecZ is connected with the algebraic properties of the center Z of the 
algebra Uq{sl2)', see definition (|36|l in Section 2 of this article. The parameter /i 7^ 1 is 
identical with the scaling factor in (|16|l . 

Thus, while there are many different ways of writing down solutions to (|19|l respectively 
(|22|l the final auxiliary matrices {Qp{z)} (defined in Section 5, equation (|106|l 'l only depend 
on the point p £ Spec Z. The choice of a representation tt^ corresponds to a choice of 
coordinates on the hypersurface and does not effect the final form of the auxiliary matrix 
Qpiz). 

The second step in the construction is to find a functional relation with the transfer 
matrix © analogous to Q. In fact, we will see that due to the different assumptions made 
in comparison to [19| the family of the auxiliary matrices obeys a functional equation of a 
more general form than (jSJ, namely, 

Qp{z)T{z) = b{zf'Qp,{zq^) + a{zf'Qpn{zq-^) . (24) 

The points p' and p" are determined via an exact sequence which describes the decomposition 
of the tensor product tt^ (g) 7r° when the ratio z/w is fixed to the value /i in (|23|l . 

0^<. --^^TrO^TrP';, ^0. (25) 

Here tt^/jTt^,// denote some other irreducible root-of-unity representations of Uq{sl2) which 
will be explicitly calculated. 

In contrast to the three auxiliary matrices appearing in H24|l have different spectra 
even when they are evaluated at the same value of the spectral variable z. That is, the 
eigenvalues of Qp{z),Qp'{z),Qp»{z) do in general not coincide. This is the major difference 
with expression (|18|l and Baxter's construction. Now one has to allow for a shift in the 
additional parameters. Furthermore, for generic points p € SpecZ the auxiliary matrices Qp 
constructed in this article violate Hll|l and (|12|l . However, those restrictions are in general 
too strong: the minimal requirement to derive the eigenvalues of the transfer matrix ijjjl and 
the Bethe ansatz equations ^ from H24() is to demand that all matrices in the functional 
equation commute with each other. 
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Note that by defining the L-matrix as a solution to (|19|1 we have also imposed the overly 
restrictive condition (|10|l . The motivation for this definition is the connection with represen- 
tation theory via H22|l . 

Despite the described dilTerences between the two approaches of constructing auxiliary 
matrices, we will see in Section 5 that solutions to Baxter's functional equation Q can be 
obtained by taking a finite sum over the solutions to (|24|l : cf equations H117|) and (|119|l in 
the text. It can happen that these solutions sum up to zero in certain spin-sectors. However, 
in Section 6 we will explicitly calculate the eigenvalues of these solutions for the spin-zero 
sector of the four chain and verify that they are non- vanishing. While they yield the correct 
eigenvalues of the transfer matrix and give the correct Bethe roots they are shown to be 
different from Baxter's expression (|18|l . 

1.3.1 Infinite dimensional symmetries of tiie six-vertex model 

The occurrence of parameter dependent auxiliary matrices in 1)24(1 does not pose a problem for 
solving the eigenvalue problem of the transfer matrix . As we will see in explicit examples 
the dependence on the additional parameters in p drops out of the functional relation H24|l 
when it is written in terms of eigenvalues. This is due to the fact that the dependence on p 
enters either through common normalization factors or the complete A^'-strings (|14|1 . 

Since different auxiliary matrices occur in (|24|l there is a third possibility. Because of the 
simultaneous shift in the spectral variable z and the points p single factors in the eigenvalues 
of the respective auxiliary matrices can cancel on both sides of the functional relation. Again 
we will see this realized in two concrete examples in Section 6. 

As the dependence of the auxiliary matrices Qp on the point p lifts the degeneracies of the 
transfer matrix, the cancellation of the additional parameters in p when the operators in H24|l 
are diagonalized manifests the infinite-dimensional non-abelian symmetry of the six-vertex 
model at roots of unity. The point p € Spec Z can be chosen arbitrarily, therefore one may 
allow for analytic transformations leaving the complex hypersurface Spec Z invariant. This 
set of transformations is induced on Spec Z by the action of a non-abelian infinite-dimensional 
automorphism group G, called the quantum coadjoint action [201 1^- See definition l(5n|l in 
Section 2. This provides a geometric interpretation of the infinite-dimensional symmetry of 
the six-vertex model at = 1 for all spin-sectors. 

1.4 Previous results on auxiliary matrices in the literature 

In Section 1.2 Baxter's result for the six- vertex auxiliary matrix ((18|l limited to the spin- 
sectors S*^ = has already been mentioned. His result applies to all values of q. 

1.4.1 Results for ^ I 

Away from a root of unity auxiliary matrices for the six- vertex model have been investigated 
in |25l ITrj by considering infinite-dimensional representations of the upper triangular Borel 
subalgebra of Uq{sl2)- An extension of the expression (|18|l to all spin-sectors was recently 
derived in |27|. In order to solve Q within the framework of quantum group theory the 
choice of an infinite-dimensional auxiliary space seems to be necessary. This leads, however, 
to technical subtleties as one has to introduce the formal power series 

A/'oo(g)(x^g"^^ (26) 

in the normalization "constant" in l)18|l |27j . For q^ ^ \ the properties of this series are 
needed to satisfy the functional equation ijOJl in the sectors S*^ 7^ 0, while Moo has to be 
removed in the sectors 5^ = where it becomes ill-defined. When the root of unity limit is 
taken, q^ ^ 1, the expression H18|) without the factor (|26|l solves the functional relation (O 
only in the spin-sectors S*^ = mod N P2| ■ 
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1.4.2 Results for = 1 

The Yang-Baxter algebra H19|) of the six-vertex model at roots of unity has been the starting 
point for previous investigations in the literature |^ 123 [3^1 ESI > in particular with regard 
to the chiral Potts model |37[ I38| . For a certain choice of a root of unity representation the 
intertwiner (|22|l is contained in the solutions discussed in |24l 1361 1^ . (The relation will be 
described at the end of Section 5 in this article.) However, in this representation one cannot 
take the limit from cyclic to nilpotent representations; see Section 2 for an explanation of 
these terms. This limit is needed for discussing even roots of unity which have been excluded 

in mouEHj. 

As explained above one of the main results in this work is the connection with represen- 
tation theory and the results of [213 1^ ■ For this the solution of 1)22(1 for any root of unity 
representation is needed which is given in Section 3 of this work, cf ((68|l and ^71^ . 

Moreover, in |24[ 1^ five parameter families of auxiliary matrices at roots of unity are 
introduced. In contrast to the construction in this article the authors of |^ EH discuss 
solutions to the functional equation Q in Baxter's approach. 

The equation ((24|l and the exact sequence ((25|1 are new results. Again the precise relation 
between the outcome of |^ EEl and the results presented here is explained at the end of 
Section 5. _ 

In the connection between representations of C/g (5^2,3) and the chiral Potts model has 
been considered. The construction of auxiliary matrices and the decomposition of the tensor 
product via ((25|l have not been analyzed. 

1.5 Outline of the article 

In Section 2 the representation theoretic results on the quantum groups Uq{sl2) and Uq{sl2) 
we shall need are briefly summarized. In particular, the enlarged center of the algebras, 
the concept of evaluation representations and the existence criteria for intertwiners are re- 
viewed. Also the hypersurface whose points will label the auxiliary matrices and the infinite- 
dimensional automorphism group G are introduced. 

Section 3 gives a concrete solution for the intertwiner 1)22(1 which is the basic constituent for 
the construction of the auxiliary matrices. Its transformation properties under spin-reversal 
and the difference between principal and homogeneous gradation are discussed. 

In Section 4 the exact sequence ((25(1 is described. In particular, it is stated in terms of 
representation theory how the points p' ,p" are related to p. 

Section 5 contains the definition of the auxiliary matrices and the proof of the functional 
equation ((24(1 . In addition, the transformation properties of the auxiliary matrices under 
the finite symmetries and the commutation relations of the operators in ((24(1 are 
discussed. 

In Section 6 the construction procedure of the auxiliary matrix is illustrated for the two 
simple examples A'^ = 3, M = 3, 4. The eigenvalues of the transfer matrix are calculated 
from the ones of the auxiliary matrix and the Bethe roots among the zeroes of the auxiliary 
matrix are identified. As expected they satisfy the Bethe ansatz equations (O. One example 
of a complete A^-string is given and it is shown that its center is determined via the cen- 
tral elements of the quantum group. Furthermore, we will see that the auxiliary matrices 
constructed in this article do not coincide with the expression ((18() . 

Section 7 summarizes the results and gives the conclusions. It is also explained how the 
auxiliary matrices can be equipped with the quantum coadjoint action. 

2 Quantum groups at roots of unity - a reminder 

In this section the known results about representations of Uq{sl2), Uq{sl2) at a root of unity 
are briefly reviewed focussing only on those facts which are necessary for our discussion. The 
original references for the results stated are (2UL 1211 E2] . The material may also be found in 
several textbooks [331 SHI • 
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2.1 The finite quantum group Uq{sl2) 

For simplicity let us start with the finite quantum group Uq{sl2) defined in terms of the 
Chevalley generators {e, /, k} obeying the algebraic relations 

kek'^ = q^e, kfk-'^q-^f, [ej]^^-^. (27) 

There exists a unique Hopf algebra structure on Uq{sl2) with comultiplication A, counit e 
and antipode F such that 

A(e) = 1 + e, A(/) = /(»fc-i + 1®/, A(fc) = fc® /c, (28) 
F(fc) = fc-i, F(e) = -fc-ie, F(/) = -/A;, £(e)=e(/) = 0, e(fc) = l. 

The opposite coproduct A°p is obtained by permuting the two factors. There is an alternative 
variant of this quantum algebra which occurs in the literature and will be important for our 
discussion. Suppose that ^ 0, 1. Then we denote by Uq{sl2) the algebra generated by 
{e,f,t} subject to the relations 

tet-' = qe, tfr^ = q-'f, [e, /] = ^— ^ . (29) 

q-q 1 

The Hopf algebra structure is now given by 

A(e) = e(S)t-'^ +t(g)e, A{f) = f (g)t~^ +t(g) f, A{t) ^t(g)t, (30) 
F(e) = -qe, F(/) = -q-'f, F(t) = t~\ e{e) - e{f) = 0, e(i) = 1 . 

The algebras Uq{sl2) and Uq{sl2) are not isomorphic. But there exists an injective Hopf 
algebra homomorphism Uq{sl2) ^ Uq{sl2) via the embedding 

e^et, f^t-'f, k^t\ (31) 

Thus, we can view Uq{sl2) as an Hopf subalgebra of Uq{sl2)- For the moment we concentrate 
on Uq{sl2) but we will return to the algebra (jqish) when discussing the intertwiner 

For values of the deformation parameter q different from a root of unity the center of the 
algebra Uq{sl2) is generated by the Casimir element, 

C = qk + q-^k-^ + {q-q~^ffe . (32) 

Henceforth let q^ — 1, N > i with q being primitive. Then the center of the quantum 
group is enlarged by the additional central elements, 

x=((.-.-)er',y==((.-.-)/r',z-=fc-',iV'.{^^^_ . (33) 

The presence of additional central elements at = 1 compared with q^ ^ 1 consider- 
ably enriches the representation theory and will reflect on an algebraic level the additional 
symmetry encountered in the six-vertex model. 

In the following we denote by Zq the commutative subalgebra generated by the elements 
H33|l and Z — Zq U {c} the center of Uq{sl2)- It is important to note that x, y, z are al- 
gebraically independent, while the Casimir element is algebraic over Zq. To express this 
algebraic dependence we define 

{N-l 
n {x + q^ + q-^) - 2 , TV odd 

N^'r' ■ (34) 

n (.T-q^+i -q-^-i) -2, TV even 
^— 0,cvcn 

Then the algebraic relation between the elements H33|l and the Casimir operator is given by 

EOI, 

xy + (-l)^+^(z + z-i) =F^(c) . (35) 
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According to Schur's lemma the elements in the center act as scalars in any finite-dimensional 
irreducible representation tt. They can be therefore treated as ordinary complex numbers 
and by abuse of notation x,y, z,c will sometimes stand for the algebraic elements (|33f) . (13211 
and sometimes for their numerical values in some (unspecified) representation. Denote by 
Rep Uq{sl2) the set of equivalence classes [tt] of finite-dimensional irreducible representations 
TT and define the following hypersurface in C^, 

Spec Z={p= (x, y, z, c) | xy + (-l)^+i(z + z-^) = Fn[c) ] . (36) 

Moreover, there exists the following sequence of surjective maps |2()| . 

Rep Uq{sl2) ^ Spec Z -> Spec Zq = x , (37) 

where the map RepC/q(sZ2) — > Spec Z assigns to each equivalence class its values of the 
central elements, 

X : [tt] ^ p = (^(x), ^(y), 7r(z), 7r(c)) . (38) 
Away from the singular points 

r {(0,0,±l,±(g^ + <?-0)|l<^< A^-l}, A^odd 

\ {(0,0,(-l)^-i,(g^ + g-^))|l <^< A^-1,^^ A'}, A^ even ' ^'^^> 

X is not only surjective but also injective. In other words the values of the central elements 
(x,y, z,c) fix the representation up to isomorphism provided X [tt] ^ D. The projection 
SpecZ Spec Zq, 

P = (7r(x), 7r(y), 7r(z), 7r(c)) -> = (7r(x), 7r(y), 7r(z)), (40) 

however, is not injective, its inverse image consists in general of A' points. Away from the 
discriminant set D the fiber in Spec Z over the base point = (x, y, z) is given by the set 

EH 

piD: {pe^ (x, y, z, ^iq' + fi-'q-') K G Z^, } . (41) 

(The parameter /i has been implicitly defined in H23I) .') This is immediate to see when 
employing the identity 

xy + (-l)'^+'(z + z-i) = F^(/i + fi-') = /x^' + . (42) 

There is a fundamental difference between the irreducible representations whose image under 
X lies in the discriminant set (|39ll and those for which it does not. Let X [tt] G D then the 
representation tt can be obtained by taking the limit ^ 1 of some standard representations 
at ^ 1 with dimension dimTr < A^'. These representations are the quantum analogue of 
representations of the non-deformed algebra sl2 ■ 

Those representations whose image X [tt] lies outside the discriminant set (|39|l are A^'- 
dimensional and have no "classical" counterparts. They depend in general on three parame- 
ters, TT = TT^ff''^ with ^, C, A e X . Let u„, n = 0, 1, A^' — 1 denote the canonical basis 
in then the representation tt^'''''' is defined via the relations |42l I2()j 



■^'^(e)u„ = {[X;n - l]g[n]g + ^C)v„-i, n > 



'AT 

7r^'''^(e)uo = £.VN'-i (43) 



with 



[A; n\q — , [n]q := — . (44) 

q-q q-q 
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The values of the central elements in terms of the parameter set (, A) are given by 

Af'-l 

4'^'^(x) = n ([^;"-l]^W^+^0=:(9-'7"'r'^, (45) 

and 

7r^/^\c) =qX + q-'X-' + [q - q-^^C ■ (46) 
Note that the representations H43|l provide coordinates on the hypersurface l|36|l via H45|l and 

ip-.CxCxC" ^ Spec Z\D, C, A) ifiit C, A) = X[7r^'^'^] . (47) 

In the subsequent sections this coordinate map will be often used to perform calculations in 
a concrete representation. However, the results obtained will not depend on this particular 
choice of "coordinates" . 

Throughout this article it will be important to distinguish between certain subvarieties 
of representations in Spec Zg, Spec Z. We will use the nomenclature presented in the table 
below. 



representation 


7r(x) 




7r(z) 


nilpotcnt 








semi-cyclic 


(C>^) 


(0) 


cyclic 









Table 2.1. The different types of representations of Uq{sl2) at a root of unity. 

Note that nilpotent and semi-cyclic representations possess a highest or lowest weight vector, 
while cyclic representations do not. This can be explicitly seen in the concrete representation 
(|43|l . Applying the generator e or / to a basis vector ' times yields the same vector again, 
hence the name cyclic representation. 

2.2 The quantum coadjoint action 

Following |2()l 12 1| one can define for q^ ^ 1 the following infinitesimal automorphisms on 

e{x) = [e^7[7V%!,x], /(a;) = [/^'/[A^'],!,^], k{x) = [k""' /[N\\,x\ (48) 

with [n]g! = — 1]^ ■ ■ • [l]q. Noteworthy, the above derivations stay well-defined in the 

root of unity limit q^ 1 where their action on the Chevalley-Serre generators reads 

/(e) = --^^i^^^^, /(/)^0,/(fc±i) = ±Ar-Vfc±^ (49) 
[N q-q ^ 

Of particular interest is their action on the central elements (|33f) . 

e(x) = 0, e(y)=z-z-\ e(z±i) = =Fxz±\ 

/(y) - 0, /(x)-z-i-z, /(z±i) = ±yz±i, fc(x)=xz, 

from which one deduces that their exponentials yield analytic transformations on the hyper- 
surface 

exp(te)x = X, exp(te)z^-^ = e^'^'z^^ exp(te)y = y - ^z " + z~^ '"'x^^ ^ , 
exp(i/)y = y, exp(t/)z±i = e^'^T^^K exp(t/)x = x + (z^^ + z-^^) . (50) 
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Here t € C is a free parameter. The group G generated by these automorphisms is infinite- 
dimensional and its action on the hypersurface is called the quantum coadjoint action |2()II21| . 
The fixed point set under this action is given by the discriminant set (|39|l . Note further that 
the Casimir element remains invariant, i.e. the polynomial xy + z + is fixed under the 
action of G. 



2 -2 
-2 2 



2.3 The quantum loop algebra Uq{sl2) 

In order to make contact with the six-vertex model one needs to consider instead of the 
finite quantum group Uq{sl2) the quantum loop algebra Uq{sl2). For its definition we assume 
temporarily q to be generic. The quantum loop algebra is defined through the algebraic 
relations 

hejk'^ = q^'^Cj, hfjK^ = Q^^'' fj, hkj = kjh, i, j = 0, 1 , (51) 
where the Cartan matrix A is 

A = 

In addition one has to impose the Chevalley-Serre relations, 

e^Cj — [3]qe^ejei + [3]qeieje^ — eje^ = 0, 
fffj ~ [3],/f + [3],/./,/f - - 0, z ^ J, J - 0, 1 . (52) 

Similar to the case Uq{sl2) the quantum loop algebra Uq{sl2) can be made into a Hopf algebra 
using the definitions analogous to 1)28(1 . Again we may view Uq(sl2) as a subalgebra of the 
larger Hopf algebra Uq{sl2) which is the counterpart to Uq{sl2)- The quantum loop algebra 
at roots of unity is then obtained via the specialization map, see 1.9 on page 398 in |22| . 

A complete classification of the irreducible representations of the non-restricted algebra 
Uq{sl2) at roots of unity is presently not known |^. In contrast to the Uq{sl2) the quantum 
loop algebra is not finitely generated over its center Z and the structure of Spec Z is less well 
understood. In particular, the canonical map RepC/q(s/2) SpecZ is neither surjective or 
bijective in general [221 ■ been demonstrated, however, that all possible values of the 

central elements can be obtained by considering irreducible subquotients of tensor products 
of evaluation representations j22| ■ 

An evaluation representation is constructed by composing a representation of the finite 
quantum group with the evaluation homomorphism ev^, : Uq(sl2) —> Uq{sl2) defined by j43| 

eo w f, fa ^ w^'^e, ko ^ k~'^, 

ei e, /i ^ /, /ci -> /c, w gC . (53) 

In the following I shall restrict discussion to such evaluation representations and define 

ttP = o ev^ , pe Spec Z\D, = X~^ip) . (54) 

The choice to consider only a single evaluation representation will keep the subsequent cal- 
culations feasible. Obviously, the representation ttP is only determined up to isomorphism. 
For some calculations it will be necessary to remove this ambiguity. This can be achieved by 
employing the coordinate map H47|) . 

nP = TT%i\ (e,C,A) = ^-i(p), (55) 

which gives now a concrete realization according to H43|l . From the definition 1(54(1 one deduces 
the six central values 

<(xo)/i.^' = ni{y,)^{q-q-Y'v, (56) 
<{yo)w''' = 7rS,(xi) = (g-<Z-^)^'C, 'rS,(zf )=<(z±i) = A±^' (57) 

leaving only the four free parameters w and (p^^{p) — (^, C, A). 
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2.4 Necessary existence criteria for intertwiners 

Besides the occurrence of irreducible representations depending on continuous parameters 
there is another important characteristic feature of quantum groups at roots of unity. The 
quantum group Uq{sl2) at a root of unity is no longer quasitriangular and the concept of a 
universal _R-matrix present at ^ 1 is problematic. Now one has to satisfy certain necessary 
existence criteria for intertwiners. The argument is by now standard, see e.g. ^USHI) and it 
is worthwhile to repeat it in order to show why one can find an intertwiner (|22|l for generic 
representations when q is an odd primitive root of unity but not for an even one. Taking into 
account that the central subalgebra (|33|l forms a Hopf subalgebra, 

A(xi) = (ei ® 1 + fci ® gj)^ = Xj ® 1 + Zj (g) Xj 
A(yO = {fi <E) k:r^ + 1(E) f^)'^' ^ y^ <E) zr^ + 1(g) Yi 
A(zj) = Zi(g)Zi 

an intertwiner between two representations tt, tt' at q^ — 1 can only exist if the following 
equalities hold, 

7r(xi) + 7r(z^) 7r'(xi) = 7r'(xi) + 7r(xi) 7r'(zi) 
7r(y07r'(zri) + 7r'(y,0 = 7r'(y,) vr(z-i) + 7r(y,) . (58) 

As the limit q^ ^ 1 of the six-vertex model is connected with the two-dimensional nilpotent 
representation H21|) . 

q^-.l: 7r^(x,) = 7r^(y,) - , tt°{z,) - q^' = ±1, i = 0, 1 (59) 

one arrives at the conditions 

<(x,) = 7r^(x,)7r°(z,) and ^^(y,) = <(y.) ^°(z.) (60) 

for an intertwiner to exist in the case of the tensor product tt^ (g) tt^ . If we take N to be 
odd then ir'^^Zi) = 1 and there are no restrictions on the existence of an intertwiner between 
TT^ and some cyclic, semi-cyclic or nilpotent evaluation representation tt^ at a root of unity. 
For N even 7r"(zi) = —1 and an intertwiner can only exist for nilpotent representations, i.e. 
7rP(x) = 7rP(y) ^ 0. 

3 Intertwiner for tt^^ tt^ 

Having investigated the existence criteria for intertwiners at a root of unity we now need 
to explicitly construct the operator H22(l which will provide us with the basic constituent 
of the auxiliary matrix Hlt)|) . For this purpose it will be necessary to consider the larger 
Hopf algebra Uq{sl2) respectively Uq{sl2) as the matrix elements of the intertwiner will lie in 
these algebras and not in Uq{sl2), Uq{sl2)- This becomes important since there is a crucial 
difference between the representations of Uq{sl2) for N odd and N even. Given any point 
p = (x, y, z,c) e SpecZ all of the associated representations ttP in the class X~^(p) can be 
extended to a representation of tJq{sl2) when q is an odd root of unity. For example, let 
P — vi^y Cj ^) with respect to the coordinate map H47() . Then setting 

7r«'^(t) :=7r«'^(fc)5 with ^«'^(fc)^z;„ = A^g-%„ (61) 

and 

n%<''{e) 7r«/'^e)7r«'^(fc)-i 7r«^^(/) := 7r«'^(fc)^7r«/'^(/) (62) 

gives a well-defined representation of Uq{sl2)- For even roots of unity this ceases to be valid, 
unless the representation is nilpotent, i.e. x = y = 0. The quantum group relations H29(l are 
not satisfied for cyclic or semi-cyclic representations because of the identities 
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This is directly related to the fact that an intertwiner only exists for nilpotent representations 
ttP as the cyclicity of the representation enforces the above sign change. 

In order to unburden the notation let us write temporarily ei,fi,ki for the N' x N' 
matrices 7r^(ei), 7r^(/i), tt^ (fc^) of Uq{sl2) and it will be understood that x = y = for 
even. Recall the defining property of the intertwiner, 

LP{w/z){^l ® TT°)A{x) = [« ® TfO) A°P(a;)] LP{w/z), x G U^ish) . 

To solve this set of equations it is helpful to decompose the L-matrix over the second factor 
as (for the moment let us drop the explicit dependence on p in the notation) 

L = A® a"^a- +B(g)a++C®a-+D(d a^a+, A, B,C,D e End(C^') (64) 
and to introduce the g-deformed commutator 

[X,Y]q =XY-qYX . 

One then deduces for the Chevalley generators the following commutation relations for the 
i-matrix entries A, B,C', D, 

[D, h] = 0, [A, h] = 0, hBkr^ = q^'^'^B, hCkr^ = q^-y^'^C (65) 
B = [Aeo], = -fci[/i,D], = -[Aeo]^-,fco-i = [/i,A]^_i (66) 

[C,eo], = A~Dko, [CJi]g = q{k^'A-D) 

[B,ei]g = D-Aku [BJo\,=q{K^D-A) (67) 

Invoking the quantum group relations (|?7jl . (|5T|l and (|5!^ . l(5Hl . lpTT|l . (|()T|l . (|()^ one verifies 
by direct computation that the ansatz 

= p+nP{t)-p_^P{tr\ Bp = p+iq-q-')7:Pif), 
Cp = p_{q-q-')7:P{e), Dp ^ p+Tr^ (t)-' - p_7rP (t) (68) 

yields a valid solution provided we fix the ratio of the coefficients to the specific value 

P+/P- = qw/z , p±^ p±{w/z,q) . (69) 

Here the representation tt^ has been introduced again into the notation to display the explicit 
dependence of the quantum group generators on p e Spec Z. Note that the normalization 
functions can be chosen independent of p. This will become important when considering 
the transformation of the intertwiner under the symmetries of the six-vertex model. Be- 
cause the representation tt^ is only fixed up to isomorphism H68|l is defined up to the gauge 
transformations 

L'P ^{(1)® l)iP((/)"^ (E> 1), [07rP0-i] = [vrP] . (70) 

As pointed out earlier, this ambiguity may be removed by applying the coordinate map (|55|l . 
For the definition of the auxiliary matrix this ambiguity is unimportant as the trace is taken 
in 

Since the tensor product is indecomposable for generic values of the ratio z/w one can 
conclude that the above solution is the only one up to a normalization factor. In addition, it 
follows that the intertwiner has to satisfy the Yang-Baxter equation (|19|l . This can also 
be verified by an explicit calculation. 

Note that the intertwiner H22|l can be expressed solely in terms of Uq{sl2) for odd roots 
of unity upon setting alternatively 

Ap = p+7rf(fc)^-p„7rP(fc)^, Sp = p+(g-g-i)7rP(A;)^^P(/), 

Cp = p_{q-q-^)7TP{e)nP{k)^, Dp^p^TTP{k)^ ~p_TTP(k)^ . (71) 
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The normahzation functions have again to satisfy (|69|l and can be chosen independent of 
the parameters p as before. The advantage of this solution is that we can now employ the 
results on irreducible representations of Uq{sl2) at roots of unity |2(JI I21| to the intertwiner. 
This will allow us to identify auxiliary matrices with points on the hypersurface H3t)|) and to 
obtain a geometric picture for the symmetries of the six-vertex model. 

For a particular root of unity representation the intertwiner H()8|l is contained in the 
solutions to the Yang-Baxter algebra obtained in |24l OSI ■ The relation will be explained at 
the end of Section 5. It is important to note, however, that the expression (jfiSII derived here 
gives the intertwiner in terms of an arbitrary representation tt^ and that only the quantum 
group relations have to be used in order to verify (|^ . This is important for two reasons. 
First, the particular representation used in |23] is not suitable for discussing the nilpotent 
limit which has to be taken when is even. Second, the expression (j71|l displaying the 
dependence on the quantum group generators will ultimately allow us to identify equivalent 
auxiliary matrices by associating them with points in the hypersurface H3t)|) . 

3.1 Transformation under spin-reversal 

As the six- vertex model is invariant under spin-reversal we need to investigate the behavior 
of the constructed intertwiner under this transformation. From the decomposition lti4|l one 
deduces the simple transformation property 

This transformation can be interpreted in terms of representation theory by noting that the 
algebraic relations resulting from the intertwiner condition stay invariant provided we apply 

simultaneously the Uq{sl2) algebra automorphism {ei,fi,ki) (/i+i, e^+i, fci+i), i £ Z2. 
Hence, spin-reversal amounts to the replacement 

TT^ ^ TT^ O ev,„ O LO 

in the intertwiner equation (|22|l . In order to obtain again an evaluation representation of 
the form (|54|) it is of advantage to rewrite this in terms of the Uq{sl2) algebra automorphism 
given by 

iu{e) = /, Luif) = e, uj{k) - fc-i . (73) 

Introducing on the hypersurface (|36|l the map 

Spec Z 9 p = (x, y, z, c) ^ 9^ p (y, X, z-\ c) (74) 

and observing that the value of the Casimir element H32|) stays invariant under the application 
of 

C^qk + q-'k-' + iq- q-'ffe - qk'^ + q'^k + (q ~ q^'fef, (75) 

one immediately verifies the following equality of equivalence classes, 

[tt^p] = K o o ev^] . (76) 

Hence, there exists a non-singular N' x N' matrix (p transforming one representation into the 
other and an elementary calculation now shows that for the intertwiner solution (|71|l one has 

Ap — 



Bp = zp_w{q-q-'^)TrP{f)TrP{ky^ ^z.w(l)Cmp(f)' 
Cp = z p_^_w^^ (^q — q^^) iTP{k) 5~e = z w" V-BiRp 

Dp = z (p+7rf(fc)-^ -p_7rP(fc)-^) -z(/.v4kp0"V (77) 

For the alternative solution l|68|l . whose matrix elements lie in tjq{sl2), one obtains an anal- 
ogous result with the exception that the factor z needs to be omitted. In summary, we 
therefore obtain the transformation law, 

(1 ® a^) LP{w) (1 ®a-') = z{(t)® w~'^)L^P{w){(j)''^ «) w^) . (78) 
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Again the factor z is absent for the other solution H68(l . In terms of the coordinate map H47|l 
spin-reversal then amounts to the coordinate change 

^-\P) = (C,C,A) ^ {e,rj,X-\-^) - ^-i(fHp), (79) 

where 77 is given by and the parameter which depends on (77, A), is chosen such 
that 

N'-l 

c = e^ n ([^"'«"';" + e^'?)- (80) 

n=0 

On basis of this result we will derive the transformation property of the auxiliary matrix 
under spin-reversal. The additional spectral parameter dependence in (jTSfl induced by the 
spin-reversal transformation can be avoided when changing to the principal gradation. 

3.2 The principal gradation 

When defining the evaluation homomorphism Uq{sl2) —f Uq{sl2) one has the choice between 
two gradations of the loop algebra. The definition lf5^ corresponds to the homogeneous 
gradation and is associated with the degree operator 

[d, ej] = (5ioei, [d, /j] = -(5io/j, [d, h] = 0, 

while the principal gradation is induced by 

[p, e^] = e,;, [p, /,;] = -/„ [p, h] = 0. 

Both degrees are related by the identity p ~ d + p with — 2 being the dual Coxeter 
number and p the Weyl vector. While the homogeneous gradation will mainly be used 
throughout this article for algebraic simplicity, the principal gradation is more natural in 
order to discuss the behaviour of the intertwiner 122(1 under spin-reversal. The evaluation 
homomorphism then reads 

Co X f, /o x"^e, ka 

ei xe, fi — > x^^f, ki k, x = £ C . (81) 

This change from the homogeneous gradation to the principal one is reflected by the following 
well known gauge transformation of the six- vertex i?-matrix Q , 

n{x) = {x"^ ® l)R{x^){x-'^ ® 1) = (1 ® x-^)R{x^){l (^x"^) . (82) 
The corresponding Boltzmann weights read in this gauge 



(1 — x^) q (1 — q^) ^ 

" = ^ = g ^ „ ^2q2 ' c^c'^g ^_^2q2 ' q{x , q) = p{x^ , q) . (83) 



Obviously, the six-vertex R-matrix in the homogenous gauge Q violates spin reversal sym- 
metry while the one in the principal gauge (|82|l is invariant. Clearly, this gauge change does 
not matter on the level of the transfer matrix (upon identifying z = a;^) as the gauge 
transformation can be invoked in the auxiliary space over which the trace is taken. However, 
this argument ceases to be valid in the case of the auxiliary matrix ((16|l when cyclic or semi- 
cyclic representations enter the definition of the L-matrix. Let us define the intertwiner 12211 
in the principal gradation as 

/:^(y) = (1 ® y''^)L^{y^){l ® 2/^) = f \ , (84) 



CpV D 

where the coefficients H69|l entering the matrices B, C, D now have to obey the relation 

Q+/g-^qy^, Q±{y,q) = p±{y^,q) ■ (85) 



15 



For nilpotent representations the gauge transformation may also be cast into the form 

'^"{v) = (r^ ® i)LP(y2)(r-i ® 1), {TyU^ := Smny-^ 

because of the crucial commutation relations 

TyBT-^ = y-^B and TyCVy^ = yC . 

This does not hold true for x 7^ or y 7^ due to the cyclicity of the associated representation 
unless y^ = 1. Thus, there is a genuine difference between the principal and the homogenous 
gauge on the level of the auxiliary matrix 116(1 when the associated representation is not 
nilpotent. Returning to the question of the transformation property under spin-reversal one 
now calculates 

(I0a")£f(2/)(l®a") = (1 ® y^) (1 ® a") (y^) (l ^ a") (1 ^ 2;"^) 

= z(0® l)/:«P(y)(0-i® 1) . 

This result shows that the additional spectral parameter dependence in H78|) originates in 
the choice of gradation imposed when defining the evaluation homomorphism H53() . For the 
subsequent sections let us return to the homogeneous gradation unless stated otherwise. 

4 Decomposing the tensor product tt^ <S) tt^ 

In this section the decomposition the tensor product tt^ (g) tt" via the exact sequence (|25|) will 
be described providing the basis for deriving the functional equation H24|l . As the calculations 
are straightforward but quite lengthy only the results are presented here. Throughout this 
section the coordinate map ((47|l is applied and all formulas are to be understood with respect 
to the convention (|55|) . The notation will be simplified by writing simply tt^j, tt^,, tt^,, instead 

of K^T^l'^T^i" with p = (p{^,C,^),P' = 'fii^'X'A') andp" = <f{^",C",X"). 

Our strategy to determine the exact sequence ((25|l is as follows: First one considers the 
action of the quantum loop algebra Uq{sl2) on the tensor product tt^ ® n^. Under the 
assumption that both of the representations tt^, and tt'^„ are of the form (|54(l this allows us 
to set up a set of equations for the coefficients of the vectors in the tensor space 7ru,ig)7r°. They 
determine the parameters {w, ^, ^, A), {w' , C', A') and {w" , C", A") labeling the respective 
representations tTwjT^'^i and tt^,,. In order to solve the equations for the coefficients one has 
to guarantee the vanishing of a determinant. This fixes the value of the ratio /x = z/w for 
which the tensor product tt^ (g) 7r° is decomposable. One derives that /z is given in terms of 
the Casimir element ()46|l through the following quadratic equation, 

+ =^Ciq-q''f + qX + q''X'' =7^^n'^'\c), fi = z/w. (86) 

The ambiguity in fi is removed by choosing the branch of the square root such that the limit 
to semi-cyclic or nilpotent representations is consistent (see (|95|l below), 

lim u = lim n ~ lim u — X^^q^^ . (87) 

In the following we regard (z, f , C, A) as the independent variables while we have to tune the 
evaluation parameter w such that /i equals the solution 187|l of H86() . 

4.1 The inclusion tt^, C vr^ 7r° 

Denote by {"f , 1} (spin up, spin down) the standard basis for the two-dimensional evaluation 
representation ((21|l . The explicit form of the inclusion map defining the subrepresentation 
TT^/ in the exact sequence ((25|l is 

i-.Tr'^, ^ TT^(E)TT°, ^ Xn = a„w„+i(8) t +/3„Wn<8' i, ne Zn' ■ (88) 
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Here the coefficients are 

a„ = C'"'-^ "'?""ao and (3^ = ^^^^—^^-^^ ao (89) 

The parameter ao is arbitrary unless a specific normaUzation is chosen. The representation 
defined by the inclusion H88() is indeed of the form (|54() with 

^'w' = ^AT''' ° ev^' (90) 



and parameters 



C'C'^CC^^, C'=9^'C, A' = A,-i, w' = wq. (91) 

The subrepresentation 7r^'5 of the finite quantum group Uq{sl2) assigns the following 
values to the central elements (TT^B . 

TT?;-;' ^'(x) = (g - 9-^)^'^, ''(y) = (9^ - i)^'c, 4''^' ''(z) = g^'A^' (92) 

and for the Casimir element one obtains 



^:i^f'^^'{c) = q^l + q-^^i-K (93) 
Note that the first identity in H92(l is not obvious as one needs to verify the identity 

^^"n [A-;r.-i]N+^r V' ^ .34. 

From ^ and (E3 one infers that the representations tt'^'''^ and tt^''' are in general not 
isomorphic as they belong to different points in the hypersurface Spec Z . As — 1 for N 
odd, the derived expressions H91|l imply, however, that the representations t^^^i'^ and tt^','' 
correspond to the same point in Spec Z^. For even roots of unity this ceases to be valid as 
q^' =^l. 

Most of the above formulas stay valid in the limiting case of semi-cyclic (^ or C — > 0) and 
nilpotent representations (^,C — > 0). As already mentioned above the tensor product now 
becomes reducible at 

^ = z/w^\/q\. (95) 

The coefficients determining the inclusion map remain unchanged with the only exception 
that 

C = ^ aN'^i = . (96) 
Also, if ^ = and ^ 7^ the parameters change from (|91|l to 

^' = ^9^'-^-^^, C = C' = 0, A' = Ag-i (97) 
Ag — A q~^ 

with the central value 77 being unchanged, 

i-rniATT--- 

^ n=i [•^;'^-i]N V 

The remaining cases ^ = 0, C 7^ and ^, C = are obtained by taking the appropriate limit 
of the previous equations for the cyclic case. 
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4.2 The quotient representation tt^,, = ® tt^/tt^, 

In order to determine the representation tt^, ® tt^/tt^, one needs to consider the action of 
the quantum group generators on vectors in the tensor product which do not he in the 
representation space tt^, and identify the latter with the null-space. This is implemented by 
defining the following projection onto the quotient space via linear extension, 

T:7r^^<„ =^„®7r^/^^,, t(X„) = 0, T(y„) = < (99) 

with the vectors X„ given by equations (jHHli l|89|l and 

- 7n v^® T, 7„ = n ^}f^fS neZ^,. (100) 

[A;to-1][to]+^C 



m— 1 



The parameters , (" , A ) entering the coefficients 7^^ fix the evaluation representation 



^l" - 4''^"^^" ° ev^" (101) 



and read explicitly 



— 1 \ 2 

\" \ i-ll /-II r-/-^^^ /-II N' /- II —1 /'ino\ 

— q\ 

Viewing tt^ as a representation of the finite quantum group Uq{sl2) one calculates from these 
identities the corresponding values of the central elements giving the points in Spec Zq and 
Spec Z . These are 



^%'^"'^"{^)^[q-q-^r'n, ^«;'«"'^"(y) = (g2-l)A^'C, 7r«;' '^''^ ^" (z) = g^' A^' (103) 
and 



"AT 

Here the identity 



^"■'^"■^"(c) +/Lt-ig . (104) 



n=l 



[A;n-l][n]+^C 



(105) 



has been employed. For N odd {q^ — 1) one now immediately verifies from (|103|l and p04|l 
that [tt^ ''' ] shares the same point in the variety Spec Zq as [tt^''''''] and [tt^'^ ], but 
all three representations belong to different points in Spec Z, i.e. they are in general not 
isomorphic. For even roots of unity {q^ — —1) only [tt^ ] and [tt^''' '"^ ] are mapped 
onto the same location in Spec Zq. 

There are certain simplifications in the limit of semi-cyclic and nilpotent representations, 
namely one finds for the coefficients in HlOOfl that 

[A;-l] 
[A;n- 1] 

The parameters in the case of semi-cyclic representations are now 

e"-0, C" = q'''C: A" = Ag, w"^wq-^ 

and 

/-Pi fii f [Aj ~ 2] /-ii c\ \ii \ II -1 
C = 0: C ^'C [A--1] ' ^ " ' ^ = ^ ="^9 • 

The remaining possibility of nilpotent representations follows from the above by setting 
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5 The T-Q functional equation 



We are now in the position to derive the functional equation 124|l by exploiting the previous 
results on the decomposition of the tensor product tt^ ® tt" and the explicit construction 
of the intertwiner l|22|l . Let us start by defining the following family of auxiliary matrices 
labelled by points on the hypersurface H36() . 

Qp{z):^ It: Llj^j{z/^ip)---Ll^{z/^ip), tt^ = tt^ o ev„^^/„ . (106) 

For odd roots of unity we employ the solution 1)71(1 and for even roots of unity ((()8|l . Note that 
the ambiguity in choosing a representative vr^ in the equivalence class [tt^] = X~^{p) only 
manifests itself in the gauge transformation ((7()|1 . As the trace is taken over the auxiliary 
space Vo = TfP in I|1U6|I the matrix elements of the operator Qp[z) are therefore functions 
on the hypersurface (|36|l . Identifying p = ip{^,^,X) gives an explicit prescription how to 
construct the auxiliary matrix via the representations (|43|l and (|55l) . In the following the 
"coordinate free" notation ((106|l will be used but for explicit calculations it will be understood 
that we invoke the coordinate map ((47(1 . The parameter corresponds to the solution of 
((85(1 satisfying ((87(1 in order to make contact with the exact sequence ((25(1 . It can be defined 
solely in terms of the point p G Spec Z and is "coordinate independent" , 

P= (x,y,z,c = ^ +/ip^), lim /ip ^ = z . (107) 

^ ^ x,y^O ^ 

Finally, note that for N even we have to set x = y = in order to ensure that the intertwiner 
((22(1 exists, hence ((106(1 reduces in this case to a one-parameter family Qp, p — (0, 0, z, — z — 

In order to unburden the notation for the following calculations the explicit dependence 
of the auxiliary matrix on the point in the hypersurface ((36(1 or that of the parameters 
(f , C, A) will be temporarily dropped. That is, for fixed but arbitrary p g Spec Z set 
Q{z) = Qp{z) = Qip(^x,>^)('^) ^^'^ """ui = Similarly, the matrices Qp'{z),Qp"{z) with the 
parameters (fi^^ip) = \i' , C', A'), V"^(p") = {(" , C", A") given in equations (jHH and ((TU^ wiU 
simply be written as Q'{z), Q"{z) and tt^, = -k'^, ttJ, = tt^. Furthermore, we set /i' — f-L^' x' 
and fj," = n^n i-n y, which according to (jHSl, 1(104(1 and lP?7|l are given by 

p! = qp, and /i" = . (108) 

We start the derivation of the functional equation l(24() by considering the operator product 
of the auxiliary and transfer matrix which can be written as, 

Q{z)T{z)^ tr L^^m{z/p)R-^om{z)---Lt,^,i{z/^)R^o^i{z). (109) 

As the L-matrix is an intertwiner, it has a non-trivial kernel only when w = fi^^, i.e. when 
the tensor product becomes reducible. In particular, one has 

i(M-i)U;^^ = . (110) 

Here i : tt^^ ^ tt^, (g) 7r° is the inclusion map 1(88(1 . The above relation can be calculated 
expficitly. (The other solution w = ^ is related by spin-reversal, cf equation l(7H)l and ((129(1 .') 
As a consequence of this observation and from the identity 1(19(1 for the three-fold tensor 
product 

TT^ «) 7r° (g) TT? , 
12 3 

we can conclude that the operator products 

Li3{w = z/y)R2z{z) 

in expression 1(109(1 leave the image of the representation space tt^^ under the inclusion map 
((88(1 invariant. Suppose the following equations are satisfied 

Li:i{w)R2i{z){i(^l) ^ ^^{z,q){i®l)L'{wq) , (111) 
(r®l)Li3(i/;)i?23(^) = (t)2{z.q)L"{w/q){T®l) . (112) 
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Here i : t:'^^ -k^^tt^^ is again the inclusion map JHEJand r : 7r^(g)7r° ^ ""^/ij projection 
(|99|l . Then a functional equation of the following form must hold, 

Q{z)T{z) = tr L^^,m{z/ij)R-^».m{z)---L.^^^i{z/^i)R^oAz) 

It remains to prove and 1112(1 and to derive the explicit form of the coefficients func- 

tions 4>i,4>2- From the definition of the i?-matrix one explicitly calculates the following 
identities, 

il3-R23^n«) T= {{aanAvn+i+cl3^Bvn)(g> T +b P,^ Av„(g) i}(g) t 

+ {{aanCvn+i+cP„Dvn)(E> T +bf3„Cvn(S> i}® i 

= 01 (z®l)(A'<® T+c'z;;® i) 

+ {b an Dvn+i® T +(c'a„ Ci;„+i + a /3„ Dvn)® i}® i 

= (z(^i)(B'<(^T+^'^^;<^ i) 

and 

(r (g) l)Li3i?23 ^n® T= (r® l)(a7„ Aw„® t «) T +a7„C'«n® T » i) 

= 02 T i) 

(r (g) l)Li3i?23 Yn® i= (r ® 1) (67„ Bi;„® T +c'7„ Av^® I) ® T 

+ (r (g) 1) (&7„ t +c'7„ C'l^ng) i)®i 

= ^2 {B"vl® T +D"vl® i) 

These relations translate into equations involving the coefficients in (|89|l and Hl()()|l . The 
solution consistent with all the equations is for the intertwiner (|68|l 

iVeven : 0i(z,g) = 6(2,(j)(7"5p_/p'_^ (^^(z,q) = a{z,q)q^ p_l (114) 

and for the alternative L-matrix 1(7111 

N — 1 1 — N 

N odd: (l3^{z,q) = b{z,q)q— p_/p'_, cjy^iz.q) = a{z,q)q— p_/ p"_ ■ (115) 

Here a, b are the Boltzmann weights (jSj) of the six- vertex i?-matrix and p_ , p'_ , p" the normal- 
ization functions 1(69(1 of the intertwiners associated with the tensor products tt^^tt^^ '^'wq®'^i 
and TT^/^ (g TTi. If one wants to eliminate the powers of q the normalization functions should 
be set to 

p±(w,g) = ^ 0i(z,g) = 6(z,g), 02(^)9) = 0(2:, g) ■ (116) 

For odd the correct square root has to be chosen such that w'^ = q^~w^ and w"^ = 
q^~w2 . This gives the desired functional equation 124(1 between the transfer matrix (PJ and 
the auxiliary matrix 1(106(1 . 

Again it needs to be emphasized that the three auxiliary matrices appearing in the func- 
tional equation are not equivalent in general. In fact, for odd the values of the central 
elements ((33(1 agree for all three representations tt^ , tt^^ and ti'^/^ but the values of the 
Casimir element are different according to the identities ((86(1 . ((93() and 1(104(1 . Setting all 
three Casimir elements equal leads to the condition 

TT^'^c) = 4''^''''(c) = 7r«;''^"'^"(c) ^ = -q= -q-^ 

implying that q = ±1 which is excluded from our construction. Thus, there is a genuine 
difference between the functional equation lO and the one derived here on the basis of 
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representation theory. Nonetheless, we may construct now in an obvious manner solutions 
to Baxter's functional equation ©. Recall from H41(l that for a given point p E SpecZ the 
auxiliary matrices associated to the fiber over are given by 

Qi{z) = Qptiz), _p^> = (x,y,z, + ^"^g"^), ^ G Zat, po = P • (117) 
The functional equation (|24ll is now rewritten as 

Qi{z)T{z) = (b^{z)^'Qe+i{zq^) + cj^^iz)^' Qe-i{zq~^) . (118) 
If we now sum over all the points in the fiber one immediately deduces that the operator 

Q'j^} (z) = Q'^'Qiiz), p. = (x, y, z) e Spec Zq, s e Zat (119) 

provides a valid solution to Baxter's functional equation (jS)) with a slight modification of the 
coefficient functions 4>i,4>2, 

Ql,:\z)T{z) = Mz)''q'Qi:\zQ^) + 4>2{zrq-'Qi'}{zq-^) . (120) 

As indicated this solution lives on SpecZo rather than SpecZ, cf (j^ZJ. 

For N even one has to set x = y = and the functional equation (|24|l in terms of the 
coordinate map H47() now reads 

iVeven:QA(z)T(z) = 0i(^)*^g^,-i(z(72)+02(z)*^gA,(zg-'), Qa = Q^(oaa) ■ (121) 

The auxiliary matrices are again not equivalent as they belong to different root of unity 
representations. This time not only the values of the Casimir elements are different but also 
the values of the central element z (cf equations (|92|l and (|l()3|l ). We therefore have to sum 
over two fibers, i.e. Z^r instead of Zjv, to obtain a solution to @. Thus, the expression 
(|119|l applies to all roots of unity when setting Qt{z) = Qip(afi^xq^){z). 

The following cautious remark with regard to the solutions Ijliyf) of Baxter's functional 
equation lO must be made. Depending on the length of the spin-chain as well as the spin- 
sector it can happen that these solutions are trivial, i.e. they might sum up to zero. We 
will investigate this below for two examples. There we verify that the solutions H119|l are 
non-trivial in the spin-zero sector of the four-chain, where we compare them with Baxter's 
expression (|18f) . This shows that at roots of unity one can find (at least in certain sectors) 
solutions to which are of a simpler form than H17|l . namely finite sums of the expression 
(|16|l . However, from the construction it is clear that the auxiliary matrices (|106|l defined on 
Spec Z should be regarded as the fundamental objects in the present setting. 

5.1 Transformation properties of the auxiliary matrix 

In this section the transformation properties of the auxiliary matrix related with the sym- 
metries of the six-vertex transfer matrix Q are investigated. The first transformation law 
involves the total spin © and is a direct consequence from the intertwining relation (|22|l . 
As the coproduct and opposite coproduct coincide for the Cartan elements one has 

LP{w) TTP{k) (g) q"' = ttP (fc) ® q'"' LP{w) 

which in turn implies 

[Qpiz),q''' (giq"' ■■■(g,q''']=0. (122) 

Hence, the auxiliary matrix flips at most multiples of N' spins. This property is due to 
non- vanishing contributions in the trace in H106() containing the matrices , which 
depend on the central elements x, y. The only other non-vanishing contributions contain the 
operators B, C in pairs and thus do not change the total spin. Consequently, we have the 
transformation law 

e'^'Qp{z)e''^' ^Q,.s^p{z), (123) 
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where the following map on the hypersurface (|36|l has been introduced, 

Spec Z 9 p = (x, y, z, c) ^ e^'^'p := (e~*^x, e*^y, z, c) . (124) 

For nilpotent representations, x = y = 0, the auxiliary matrices obviously commute with the 
total spin operator. 

Next let us investigate the transformation of the auxiliary matrices under the action of 
6 defined in 0. From the following simple transformation of the L- matrix, 

(1 ® a^) = _^ ^ (125) 

and the fact that the only non-vanishing terms in the trace (|1U6|I contain the step operators 
B, C either in pairs or to the power N when N is odd, one deduces the transformation 
property 

&Qp{z)e^Qepiz) (126) 

with 

Spec Z 9 p = (x, y, z, c) &p (-x, -y, z, c) . (127) 

This includes the case N even where x = y = 0. The transformation behaviour (|126|) together 
with the second identity in (jHJ allows us to discuss the case of even primitive roots of unity 
q^^ = 1 with N' odd and cyclic representations. Performing the replacement q — s- —q we 
obviously recover the case of odd roots of unity and can therefore conclude for even A/, 

Qp(z, -g)6T(z, q) = 6(z, qf'Q^, {zq^, -q) + a(z, qf'Qp„ [zq'\ ~q) . (128) 

Here the trivial relations b{z,~q) = —b{z,q),a{z,—q) = a{z,q) have been used. The oper- 
ators in this functional equation do not in general commute with each other due to H126|l . 
Nevertheless, this functional equation might be useful to gain insight in the different structure 
encountered for even and odd roots of unity. 

Finally, we investigate the behaviour under spin-reversal employing the previous investi- 
gations of Section 3.1. There we already saw that the spin-reversal transformation induces 
the mapping (cf l(Hll)) 

Spec Z 9 p = (x, y, z, c) ^ fRp := (y, X, z~\ c) 

According to the definition Ij 106(1 we have w = z/^p where is given by the quadratic 
equation ((l()7|l . While the value of the Casimir element stays invariant under spin reversal 
we now need to switch to the other solution ^p^ satisfying 



lim^A^^f = lim (/ip-i)-^' = z-i . (129) 



This follows directly from (|82() . Hence, we obtain the following transformation law for the 
auxiliary matrix. 



Z W 



QmpizHp )w ,w^z/np. (130) 



This transformation law simplifies for nilpotent representations, x, y = 0, using the coordi- 
nate map 1)47(1 to 

9\Qx{z)D\ = X^'^'Qx-ig-2{z\\^) . (131) 

For even roots of unity and the solution ((68(1 the factor — z*^ has to be omitted. Note 

that spin-reversal symmetry is only broken for spin-chains which are sufficiently long. 
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The last transformation law we are going to derive involves auxiliary matrices with in- 
verted arguments. Setting for simplicity — wq, p_ = 1 in (|68|l respectively H71(l it is 
straightforward to verify the identity 

(l«)cr"=)LP(w)(l (g)cr^) = -wq{l® {-wq)-'^)LP{w-'^q-y^l(g) {-wq)"^) . (132) 

Here the superscript t2 denotes transposition with respect to the second factor. Consequently, 
the auxiliary matrix obeys the relation 

mQpiz)m = i-wq)^U~wr^^Qp{z-^q'^f^l)H~wf\ w^z/fi^ . (133) 

This quite complicated looking transformation behaviour again simplifies for nilpotent rep- 
resentations where spin-conservation is restored. 

5.1.1 Principal gradation 

For completeness let us now consider the principal gradation H81|l . According to the discussion 
in Section 3.2, cf (|84|l . the corresponding auxiliary matrix is calculated to be 

Qp{x) = trCoM{x/p^)---Coi{x/p.i) 

= (x/fi^)-^' tvLoMix^/fJ-) ■ ■■Laiix^/fi) ix/p.^f' 

= (a;//i3)-^^Qp(x2)(:r//i^)^\ (134) 

Exploiting the transformation law (|123|l this allows us to rewrite all the previous relations 
for the auxiliary matrix (|106|l in terms of the principal gradation. For example, exploiting 
the functional equation with the transfer matrix now reads 

Qp{x)T{x^)^Mx^,<l)^'Qp'ixQ)+Mx^,<lf'Qp"i^<l''), z = x^. (135) 

For nilpotent representations both gradations are obviously equivalent as the auxiliary matrix 
then conserves the total spin. 

5.2 Commutation relations 

In order to make contact between the functional equation 124|l and to derive the Bethe 
ansatz equations |(2J) for the six-vertex model one needs to ensure that all the operators in 
(|24|l commute with each other. The commutation of the transfer matrix with the different 
auxiliary matrices is immediate from the existence of the intertwiner H22|l and (|19|l . We have 
already seen that there are no restrictions on p S Spec Z\D when N is odd. For iV even we 
have to set X = y = as mentioned before. 

Employing the same argument to guarantee the commutation of the auxiliary matrices 
in H24() let us verify whether the necessary existence criteria H58|) are satisfied for the corre- 
sponding intertwiners. It is worthwhile doing this for two arbitrary points p = (x, y, z, c) 
and p — (x, y, z, c). We are looking for an operator such that 

Spp{w,w){i:l®i:%)^{x) = [« ® 7r|,)A°P(x)] Spp(vj,w), x G U^ish) • (136) 

The case of even roots of unity is trivial as only nilpotent representations occur and one finds 
that the necessary requirements H58|l are met for arbitrary values of the spectral parameters 
w,w. For N odd cyclic representations are allowed and one finds 

x + zx = x + xz, yz^"'"+y =z^"'"y + y, 
xz + x(w/u;)^ =zx(w/it;)^-f X, {w/w)^y + y z'^ = y + y z'^ (w/w)^ . (137) 

From these equations one deduces that {w/iv)^ — 1 needs to hold unless z = z = 1. Accord- 
ing to (|92|l and l|l()3|l the values of the central elements H33|l coincide for all three representa- 
tions in the exact sequence H25|l . Hence, the criteria are met for all three auxiliary matrices in 
(|24ll respectively (|118ll . Strictly speaking these requirements are necessary for the existence 
of an intertwiner but not sufficient. However, employing the results of the important paper 
|24| . the intertwiner (|136|l can be shown to exist for q^ = 1 with N odd. 
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5.2.1 Connection with the chiral Potts model 

Bazhanov and Stroganov pointed out [21] that the Boltzmann weights of the chiral Potts 
model 1^ OHI solve the Yang-Baxter algebra of the L-operators at roots of unity. As the 
solution in [25 is given in a particular root-of-unity representation different from (|43|l it is 
helpful to briefly review the results and make the connection with evaluation representations 
of Uq{sl2) explicit. 

Denote by {wnlneZjv as before the standard basis in and define the operators 

ZVn = g~"Wn, XVn = Vn+1, n e Zn . (138) 

Then the solution to the Yang-Baxter algebra IjlQI) found in [2^ is given by (setting A — 
Z, B = , C ^ X with respect to the notation used in equations (2.12) and (2.13) in 

m) 

T, ^ ( w^d+Z + w-^d-Z-^ w^2 (g^Z-^ + g^Z) X \ 

where the six coefficients x = {'^+1^-, f+, f-, g-\., g-} are independent complex parameters 
and h± = f±dzf/g±. Under a suitable choice of the parameters this solution can be iden- 
tified as an intertwiner of the Hopf algebra Uqis^)- Given a representation tt of the finite 
subalgebra Uq{sl2) the solution to the intertwiner equation 122|l for the associated evaluation 
representation now is 

\P-{q-q )g-^7r(e) p+nit) ' - p_Tr{t) J 

The additional factors of q^^ in the off-diagonal matrix elements in comparison to (|68|l are 
explained by choosing H21(l as representation of Uq{sl2) instead of Uq{sl2)- Invoking the 
following cyclic representation 

7r e) = So — X ,7r /):=so —i i) = — Z 141 

q-q 1 q-q ^ \s2j 

with sq, si, S2 G and central values 

4x) = (^) (.f - .r"')^o "'^ -(y) - (^) " (4 - ■^^''K, 

7r(z) = isi/s2y, Trie) =q-^siS2 + qisiS2)-^ (142) 
the solution p39|) can be identified as the intertwiner 114U|) upon setting 

p± = q^^w^K d± = -q^^U = ±<Z*^(si/s2)^^ g± - TsosT, h± - ±s^'st' . (143) 

The three additional parameters of (|139|l in comparison to the solution (|68|) can be ac- 
counted for as follows. First note that the ratio of the coefficient functions (|69() is arbitrary 
if one requires the L-matrix only to satisfy H19|l . The remaining two parameters can be un- 
derstood in terms of Drinfcl'd's quantum double construction 30 . They fix the value of two 
additional central elements which arise when one considers the quantum double of the upper 
Borel subalgebra, see e.g. '33' for an explanation in the context of the chiral Potts model. 
The solution H68() is obtained when setting these central elements to one. 

In |24| the authors showed by construction that the operator products 

Li3{wi,Xi)L23{w2,X2) and L23{w2,X2)Li3{wi,Xi) 

are equivalent provided the parameter sets Xi 1 X2 share three common invariants (cf equations 
(4.4) and (4.5) on page 809 in [23)- Employing the identification H143|) these invariants can 
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be expressed in terms of the central elements in the representation l|14HI . 
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Comparing with (|137|l one now deduces that the intertwiner H136() indeed exists and is a 
special case of the chiral Potts model. As demonstrated the auxiliary matrix (|106(l is inde- 
pendent of the choice of the root of unity representation, hence we can conclude that the 
following auxiliary matrices commute 

[Qp(z), Q,{-z)] = 0, ^ = = = {z^,/-^r ■ (144) 

Clearly for any two points p — pe,p — pk, /c, ^ G Z in the fiber (|41() the above conditions are 
satisfied and all the auxiliary matrices H117|l evaluated at the same spectral value z commute 
with each other. In particular, this allows us to write the functional equation (|24(l in terms 
of eigenvalues and to derive the Bethe ansatz equations Q . 

5.2.2 Comment on previous solutions to Baxter's functional equation 

Note that auxiliary matrices for the functional equation @ and not (|24|l have been considered 
in [25 and [^S]. In [22 (page 805), see also Section 3 in [2Hj, it is stated that one is then 
forced to make the specific choice 

d_ ,/+,/_, 5+ , g_ , {a, b, cw^^ , dw^ , \b, Aa, \cw^^ , Xdw^} 

of the parameters in 1)139(1 . The corresponding five-parameter auxiliary matrices are built 
from the operators 

= [ w'^X {cZ-^ + wdZ) X-^ cZ-^ + dZ ) ■ 

Note, that due to the additional spectral variable dependence in the parameters this i-matrix 
does not satisfy the Yang-Baxter equation ((19|l . (Because Qr^l in Baxter's construction 
need not commute with the transfer matrix, this poses no problem.) Moreover, the above 
solution H145() cannot be interpreted in terms of evaluation representations of the quantum 
loop algebra. The auxiliary matrices considered in [^ |2H] are assumed to be of the form 
(fTH|l and to solve ([HJ. This corresponds to Baxter's construction procedure for the eight 
1 151 1161 1171 1181 [T??j and six-vertex-model which is different from the one applied here. 
We already saw that the solution to 10 in the present framework is given as a sum of the 
expressions (|16|) . cf (|119f) . 

6 Two simple examples: = 3, M = 3, 4 

In this section the specific examples TV = 3, M = 3, 4 are considered in order to illustrate 
the construction procedure of the auxiliary matrix ((l()6|l and to demonstrate the working of 
the functional equation (|24ll . The matrices in 1)24(1 are diagonalized and it is shown explicitly 
that the additional parameter dependence of the auxiliary matrices then drops out of the 
functional equation. This must be the case as the eigenvalues of the transfer matrix and 
the Bethe ansatz equations ^ only depend on the variables z and q. In particular, it is 
shown that the center of the complete TV-strings ((14(1 describing the degenerate eigenstates 
of the six-vertex model are given in terms of the central elements of the quantum group. 
Furthermore, we will compare the auxiliary matrix l(106() for the four chain with Baxter's 
expression (O in the spin zero sector. 
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Invoking the representation H43|l the ChevaUey generators of the quantum group are, 

1 

4^'\e)=\ eC-q""' ^'^''-^r^ 1 . (146) 



Using these expression one can now exphcitly write down the intcrtwiner H71|l and the aux- 
ihary matrix pU6|l . Nonetheless, aU expressions wiU be given in terms of the values of the 
central elements, independent of the representation used. This emphasizes the aforemen- 
tioned fact that the matrix elements of H106|) are functions on the hypersurface H36|l . 

6.1 The M = 3 spin chain 

We start with M = 3 as it is the minimum length of the spin-chain required for the breaking 
of spin-reversal symmetry and spin conservation when A'^ = 3. One finds the following non- 
vanishing matrix elements of H106() . 

Q||| =trI?2A, 
oTiT _ 4 un 



2S' 


— — 1— 3 . j- j- j- 




qIii ^ 


- tr B , f^'i^j^'i^ — ^ ; ^ [ 


2S^ 


= ±1 : QIII 




- o^^^ 

— 1^^^^ 


= tiA^D, Qjll = qIII = 


2S' 


— 1 . 1^^^^ - 






ti j^C' ^ ^^\,'\'\ — "I" |, "I" — 


2S^ 


1 . /^li-T 




/-^Tii 





qIII = ti DCB . (147) 



To simplify the notation we have dropped the dependence on the point in the hypersurface 
and the spectral variable. The matrix elements are defined according to the convention 
Q{z)\a) = Qi^)a_ • From the matrix elements we infer that each of the sectors 
= ±1/2 is mapped into itself. Thus we need only diagonalize the matrices 



Q\s'=±3/2 = ll^l ] and 015^=1/2=1 ty ACB trA^D tr ABC 



tvA^D tvABC tvACB 
tr ABC trACB tvA^D 



(148) 

The matrix Q\s'=-i/2 is obtained by exploiting the transformation law H13()|l . The matrix 
elements turn out to take an algebraically simpler form when the following choice of the 
normalization functions (|69|l is made. 



p± = 3 3 iwq) 



i±i 



As Af = = 3 this docs not change the form of the functional equation (|24|l (cf H113f) and 
()115|l ). The matrix elements are calculated to 

tv A^ = tu^z^ - z, trS^ = w^yz^, trC^ = xz, tri)^ = w^z - z^ 
ivA^D = wqz.{l - wqz), tr ABC ^ wz{l - wz), tr ACB ^ wqz{q - wz) . (149) 

Here the spectral variable is set to w = with n given by (|86|l and the central elements take 
the values detailed in H45() . The eigenvalues of the auxiliary matrix in the sector — ±3 /2 
are found to be 



Q±{w) = i (tr A^ + tr ± y/{tT A^ - tr D^y + 4: tr B^ tr C^) 

= \ - l)(z + 1) ± V(z - ^{w^ + 1)^ + 4w3xyz)) . (150) 



The zeroes of these two eigenvalues form two-complete 3-strings, 



O±(u;„)=0, w„ = q"<{xy + z + z-i±A/(xy + z + z-i)'-4[> ,n = 0,l,2. (151) 
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Note that the string center is determined by the central elements and one has 

xy + z + = F3(c) = ^■■^ + 

Thus, the above complete 3-strings simplify to w„ = q'^fj,^^. If the nilpotent limit is taken 
the simple form l|14|) for the eigenvalues is recovered. The complete 3-string contributions 
cancel on both sides of the functional equation 124() due to the (/-periodicity of Q±. Thus, 
one obtains the corresponding eigenvalues T±{z) = a{z)^ + b{z)^ of the transfer matrix (j^J 
as required. 

For the sector 5*^ = 1/2 one finds the eigenvalues 

QoH = tr A^D + tT ABC + trACB = 0, (152) 
Qi{w) = tr A^D + qtT ABC + q^tTACB ^3qwz, (153) 
Q2(w) = tr A^D + q'^tr ABC + qtT AC B} = -Sq^w'^z'^ . (154) 

From the first expression we infer that the auxiliary matrix turns out to be singular and not 
all eigenvalues of the transfer matrix can be calculated. The solution 1)119(1 for s = vanishes 

(s) (s) 

completely. If we set s = 1,2 either Q\ ' or becomes zero showing that the solution 
(|119|l has a nuUspace of higher rank than (|106|l . 

For the remaining two eigenvalues in the sector = 1/2 one reads off a simple and 
a double zero at w — z — 0. These correspond to "Bethe roots at infinity" when the 
parametrization z — e"g^^ is used in the Bethe ansatz equations That such "Bethe 
roots" can occur is a known phenomenon, see e.g. the discussion in 10 and references 
therein. Note that also here the dependence on the central elements drops out of the equation 
(|24|l showing as expected that the corresponding eigenvalues of the transfer matrix 

Ti(z) = b{zfq + a{zfq^, T2{z) = h{zfq^ + a{zfq 

are independent of the point p = </?(^, C,, A) in the hypersurface ((36(1 . 



6.2 The M = 4 spin chain 

We now consider the spin-sectors S^' = 0, — 1 in the four-chain. As all of the following matrix 
elements vanish, 

QTiii /-^iTii /niJ-TJ. /niilT i,. Ar^-i n ^^ ^'^\ 

TTTT — — ^^'|■|'^'[■ — — -iT-w — u, yLoo j 

^Vm ^ *5ml = '3utI ^ '3x1x1 = trAS^ = 0, (156) 

the remaining sectors are either trivial {S^- = ±2) or related by spin-reversal {S^ = 1). Let 
us start with the spin-sector of smaller dimension, i.e. = —1. 



6.2.1 5^ = 1 

The auxiliary matrix in this sector is computed to be 



/ tr^D^ tr CBD^ ti B DC D tiBCD^ \ 

ti BCD^ tvAD^ trCBD^ tiBDCD 

tr B DC D trBCD^ tr AD^ trCBD^ 

\ tr CBD^ tr B DC D tr BCD^ tr AD'^ J 



(157) 



where the basis vectors in the spin-sector have been chosen such that the first column vector 
is given by 



QT J-i.]. 
Tiii 



tr AD', Q\lll=trBCD'', Q|^^^ 
Choosing as before the conventions 



)itTi. 



tr BDCD, Q 



iiiT 

nil 



tr CBD^ 



(158) 



P± = {wq) " , 01 = bq- 



aq 



c = p, + fl 



w ~ z/ p, 
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one finds after some algebra the expressions 

gjlll = tvAD^ = -9wz'^{w'^ +q), 

gjlll = tr BCD^ = -3wz2(l + qw^ + 2wq^c), (159) 

= tiBDCD = -Swz'^iw'^ +q-wq'^c), 
Qnil = trCBD^ = -Swz^iq^ + q^w^ + 2wq^c) . (160) 
Diagonalizing the above matrix then yields the eigenvalues 

= —9wz^{w'^ + wq'^c + q) = —9z^ w{ui + q'^ii^^){ui + q^lJ,), 

= —15z^w{w^ — wq^c + q) ~ —lbz'^w{w — q^ij~^){w — q^fJ,), 

Q1 III /ni.J.Ti _i_ ,Y/QiTii /oiiiT\ ('1R1~1 
Till ^Tiii ^ H'^Tiii ^niiJ y'^^'^) 



-■iz^w{'u?{2 T \/3) + iDq^c + q{2 ± %/3)} . 



In order to verify the functional equation H24(l we also need to compute the corresponding 
eigenvalues of the transfer matrix 121 . The relevant matrix elements are 

= + T\lll = fe^cc', T//// = abcc', t\111 ^ (162) 

from which one calculates the eigenvalues 

Ti = a^b + ab^ + {a^ +ah + 9)ccJ = b{b^ + l) + {b^ + b+l)cd, 
T2 = aH + ab^ ~ {a^ ~ ab + b^)cc' ^ b{b^ + 1) - {b^ - b + l)cc' , 

= a^b + ab^T{ia^±ab-ib^)cc' ^b{b^ + l)±i{b^±ib-l)cc' . (163) 

One now verifies for this example that the functional equation 

Q{z)T{z) = 4>,{ztQ\zq^) + 4>2{zfQ"{zq-^) 

with (jji = bq, 4>2 — CLq^^, /i' = q^i, fi" — nq^^ is valid. Let us do this explicitly for the first 
eigenvalues Qi, Ti. Using p61|l we write down the functional relation 

z{z + q^){z + q^pi^)Ti{z) = M^^)^ ^'QH^'Q^ + Q^K^^Q^ + Q^f^^) 

which yields in accordance with (|163|l the eigenvalue 

,4 z + 1 



Ti{z)^b{zfq—^ + a{zfq 



z + q'^ z + q-' 

Note that the factors in H164|l which contain zeroes depending on /z cancel on both sides 
of the equation. We are left with one Bethe root z^ = —q^ which upon the identification 
z — e'^q~^, q — e^'^ is seen to trivially fulfill the Bethe ansatz equations (0), 



a(£^y _ / 1-zV 
6(z^) / \q - z^q 



1 . 



The remaining eigenvalues work out in a similar manner. We now turn to the spin-sector 
= where we can compare our expressions for the auxiliary matrices with the one found 
by Baxter, see (fll^. 
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6.2.2 5^ = 



The spin-sector is six-dimensional and the non-vanishing matrix elements of (|1U6|I are com- 
puted to 



m2 



ma 



TO4 



TO5 



n-lT-lT 



)iTTi 
-iTTi 



)TiiT 
-TiiT 



ntin 



Sz^iqw" + Aq^w^ + 1), 

Qi-TiT /^ITTi y^Ti-lT y^Titi 



)TTU 

'nil 



tr A^D"^ 



iwz q {{q + w )qc - w) = 3z-^(cw 

)iiTT 
-TiiT 



2 2 

q w 



TiiT ~ 
cqw), 



)TTii 
'TiTi 



)iiTT 
'TiTi 



tvADCB 



3z^g'^u;((l + w'^gf)(7C + 2u;) = 3z^(cgW^ -t- 2g^u;^ -few) 

QTiiT /QiiTT /-^iTTi /-^TTii 4-^ /ir^nR 
iiTT — iTTi — ^tti I — ^:ti It — Li-rio ly u 



3z^g^w((l 



=TTii ' 
f 2w) 



-TiiT 

,2/ 



QTiTi /^iiTT /^TTii z-^iTiT y^TiTi y^TiiT 
itT ^iTiT ^iiii ^ITTI — "^tTi I 



UiTT 
iTTii 



3z^(cg^ 

)iTiT 
-iTTi 



2„,,2 



2q^w 



cq^ w), 

)iTTi 
'TiTi 



= Q 



)TiiT 
-iTTi 



)iiTT 
-TTii 



)iTTi 
-TiiT 



trS^C^ 



my 



'^iiTT 

3z^q^w^{c^ - 2 -q-q^^), 

^ln\ = ^Tili ^ irBCBC 
= 3z^q^w^{c^ + 2) . 

Under the appropriate choice of basis the auxiliary matrix is 



and has the six eigenvalues 

= mi — my = 3z^{gw^ — (c^ — 2)q 



(165) 



^ mi 


m2 


ma 


m4 


m5 


me 


\ 


m5 


nil 


m2 


m2 


my 


m5 




m4 


1715 


mi 


me 


m2 


ms 




ms 


1715 


me 


mi 


m2 


m4 




m2 


my 


ms 


1715 


mi 


m2 




V "m-e 


m2 


m4 


ms 


ms 


mi 


/ 



Qi 
Q2 



2 2 

w 



Q 



3,4 



/5,6 



1} = Sz^qiw"^ - - qf^^^) 

— mi -|- me — ms — m4 

= 3z^{qw* - qc{l + q)w^ + {c^ -2-q~ q^)q^ - c(l ^(^)w^ 1} 
= mi — me ± i(m3 — m4) 



= 3z^{g ± igc(l - 9) u)'^ + (6 - + g + g^).?^ ± ic(l - 9^) w + 1} 
= ^ ^2mi -|- ms + m4 + me + my ± ^ 'i27n^ + (ms + m4 + me — JTiy)^^ 



(166) 



Again we see that the matrix elements as well as the eigenvalues of the auxiliary matrix only 
depend on the central elements of the quantum group. 

In comparison we obtain from Baxter's formula (|18|l the matrix elements 

mf'^^ = l/mf"^ = 1/mf"^ = zq, mf'^^ = mf"^ = 1, mf'^^ = 1/mf''^ = q-^ . 

In order to match the different conventions in the choice of Boltzmann weights one has to 
multiply by the additional normalization factor ~p ~ {zq)~ , see |27| . One then finds the 
eigenvalues 



Qf 
Q 



Q 



2 

Bax 
3,4 

Bax 
5,6 



= ~p{zq-l/izq)) = z\^-l, 

z-^q^ -q^-q)= q^z^ - (1 + q)z + q), 

± l{q^ - q)) - q\z^ T «(1 - q)z - q), 



p{zq 
pizq 



z 



\ [2z^q^ + (1 -f q^)z 2 ± zV32g2 + (l + q 



2^2 



(167) 
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In Section 5 we derived from H1Q6|I solutions to Baxter's functional equation jnj by summing 
over all the points in one fiber of the hypersurface, cf H119(l . Let us check for s — whether 
those solutions match (|18|l up to a possible normalization factor. As all the auxiliary matrices 
in the same fiber commute with each other, we can simply sum up the eigenvalues. Let us 
do this for the first four eigenvalues, 



^ — ^ ^ — ^ s—O 

1=0 e=o 

2 



i=0 
2 

0) _ ^ 

'3,4 



(^-0) = ^Q3,« = -9zV{^'±i(l- 9)^-9}. (168) 



For the fifth and sixth eigenvalue it has been checked numerically for several values that the 
eigenvalues Q^^^q^"^ are nonzero as well. Thus, in this case the summed expression (|119|l turns 
out to be proportional to the expression l|18() . whence we obtain the same Bethe roots and 
eigenvalues for the transfer matrix. 

As before we can now check that the eigenvalues of the transfer matrix are correctly 
obtained from the functional relation. Let us perform this consistency check for the first 
eigenvalue in (|166|) . The non- vanishing matrix elements of the transfer matrix are 







~ ^iTTi 


~ ^TUT 


~ ^nn 


~ ^TTU 










_ T^iTTi 


_ ^TiiT 
~ ^iTiT 


_ T'^in 


_ TiTiT 


~ ^TUT 


~ ^nn 




= abcc' 




_ T'^ni 


_ T^TiiT 
~ ^TTii 


_ T^iJ-TT 
~ ^TUT 


= a^cc' 










rpun 


_ T^iiTT 
~ ^iTTl 


_ ^iTTi 
~ ^TTii 


_ tTTU 
~ ^TilT 


= b^cc' 










T^TiTi 
^iiTT 


_ T^U1 

~ ^itn 


_ T^TTii 
~ ^iTiT 




_ ^TiTi 








— abcc' 


^TiTi 


~ ^nn 


= (ccT 















(169) 

From these identities one calculates the eigenvalues 

Ti = 2{abf - {cc'f 
T2 = 2{abf - (a^ + 62)cc' 
r3,4 = 2{abf ±i{a^ -b'^)cc' 

r5,6 = i (4(afe)2 + cc'{a^ + 6^ + cc') ± ccV32(a6)2 + (a2 + 52 _ cc')^) . (170) 
The functional relation 

Q{z)T{z) = 0i(z)4g'(zq2) + 02(^)4q"(^^-2) 

with ~ bq, (f)2 = aq^^, — ^M, A*" = implies for the eigenvalues Ti, Qi the identity 
(setting p = 1 in lO)), 

T,{z) ^ 2b{zf - c{zfc\zf = ^,{zf'^^ + M^r'-^^ . 

z'^ ^ q z'^ q 

After a short calculation the above equation is shown to be true. The corresponding Bethe 
roots of the eigenvalue are easily deduced from H166() to be z^ = ±q'^ which are easily seen 
to solve the Bethe ansatz equations Q when setting z = e^q^^ , q — e^^ , 



a(z±) \ _ / 1 - z±q'^ \* _ z^/z± - q^ 



= 1 



b{z±) J \q-z±qj Zzp/z±q2 - 1 
For the remaining eigenvalues the functional relation has been checked numerically. 
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7 Conclusions 



Starting from evaluation representations of the quantum loop algebra Uq{sl2) families of 
auxiliary matrices for the six- vertex model at roots of unity have been explicitly constructed. 
See the definitions (|106|l . (|68|l . 171|) and apply the representation H43I) . For odd roots of unity 
the auxiliary matrices depend on three, for even roots of unity on one additional parameter 
besides the spectral variable z and the deformation parameter q. In comparison to earlier 
results in the literature the auxiliary matrices (|106|l have several advantages. They extend 
to all spin-sectors and do not contain formal power series since the auxiliary space can be 
kept finite-dimensional at roots of unity. They have been demonstrated to be of the simple 
form H16|) and to satisfy the functional equation l|24|l which can be interpreted in terms of 
representation theory, cf H25() . All operators in this functional equation have been shown to 
commute with each other (cf H144|l ^. whence the eigenvalues of the transfer matrix Q and 
the Bethe ansatz equations ^ can be derived. In the present article this has been done for 
the two simple examples = 3, M = 3, 4. In a forthcoming paper (22| the eigenvalues of the 
constructed auxiliary matrices will be investigated for general N, M . 

7.1 The geometric interpretation 

Applying the concept of evaluation representations of Uq{sl2) allowed for a simple classifica- 
tion of the auxiliary matrices and a geometric interpretation of their parameters. Regardless 
which root-of-unity representation is used to write down solutions for the i-opcrator H71|l 
the final auxiliary matrix (|106|l only depends on the values of the central elements of the 
quantum algebra. Employing the results of |2(JI I21| these values were shown to specify points 
on a three-dimensional complex hypersurface Spec 2' defined in (|36|l . 

In fact, the presented construction of auxiliary matrices can be interpreted as the defini- 
tion of the following map from the direct product of the complex numbers with Spec Z into 
the operator space over the spin-chain, 

Q : C X (SpccZ\L>) ^ End(7r°®*^), p = (x, y, z, c = /i + /i^i) ^ Qp(z) (171) 

with Qp{z) given by (|105|l . The hypersurface SpecZ\Z3 is an A^-fold fibration and under 
multiplication with the transfer matrix the auxiliary matrix is shifted to the neighbouring 
points 

P' = (x,y,z, c' = /ig + 9"V~^) and p" = (x, y, z, c" = ^tq"^ + g^"^) 

in the same fiber. If we would have allowed for points p in the discriminant set D, see (I39II . 
the result would have been the known functional relations between transfer matrices of higher 
spin 1 < 2s < A' — 1, see e.g. The constructed map (|171|) allows us to carry important 
mathematical structures of the hypersurface Spec Z over to the family of auxiliary matrices 

cc Z • 

7.1.1 The quantum coadjoint action on auxiliary matrices 

The quantum coadjoint action given by the automorphisms H5Uf) on the hypersurface H3t)|l 
can be extended in a natural manner to the family of auxiliary matrices (fTU5|) setting (for N 
odd), 

G X Spec Z 3 {g,p) ^ g ■ Qp{z) := Qgp{z) . (172) 

As the points p,p',p" in (|24|l belong to the same fiber over SpecZo and the Casimir element 
remains invariant under the group action, the functional equation is preserved. The definition 
(|172|l is a manifestation of the infinite-dimensional symmetry of the six-vertex model at 
roots of unity. Since the six-vertex transfer matrix does not depend on the point p in the 
hypersurface one might choose any element in the family of auxiliary matrices to solve the 
eigenvalue problem of © respectively Therefore, one is lead to look for transformations in 
the parameters p which leave the set of auxiliary matrices invariant. These transformations 
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are precisely given by the infinite-dimensional group G. Another way of expressing the 
symmetry is by observing that for any group element g (z G one has 

[T{z),Qgpiw)] =0, Vg e G, z, e C . (173) 

Since the auxiliary matrices belonging to different fibers in the hypersurface do not com- 
mute in general, the vanishing of the above commutator exhibits infinitely many non-abclian 
conserved quantities defined for all spin-sectors. 

Mathematically the quantum coadjoint action is interesting since it allows to explore the 
structure of the base space Spec Zq which can be given the structure of a Poisson-Lie group 
|2(J[ I21j . In order to connect these mathematical structures with the eigenvalue problem of 
the transfer matrix further investigations are needed. In particular, it would be helpful to 
have a direct implementation of the group action (|172() on the spin-chain. This would allow 
one to obtain further insight how the earlier observed loop symmetry in the commensurate 
sectors = mod TV [B, 12, 13 extends to the non-commensurate ones. It is an intriguing 
observation that the generators of the quantum coadjoint action are closely related with the 
restricted quantum group expressing the loop algebra symmetry. This aspect will be subject 
to future investigations. 

7.2 Broken symmetries 

Besides the infinite-dimensional symmetry, the auxiliary matrices also break the finite sym- 
metries (0 and (jnj of the six- vertex model. (Note that all three of these symmetries have also 
been implemented as mappings on the hypersurface SpecZ.) This shows that the present 
setting is more general than the coordinate space Bethe ansatz. Spin-conservation, which is 
essential for the application of the coordinate space Bethe ansatz, can be restored by taking 
the nilpotent limit. That is, for the following subvariety of auxiliary matrices one has 

[QpM,S']=0, p^ = (0,0,m'^',M + M"'), MeC^ . (174) 

However, the action 1)172(1 of the infinite-dimensional automorphism group G on this one- 
parameter family forces one to consider also cyclic representations which do not preserve the 
total spin and violate the conditions 1(111) and ((121) . This explicitly shows the statement made 
in the introduction that the full symmetry present at odd roots of unity becomes manifest 
when the coordinate space Bethe ansatz ceases to be applicable. 

For even roots of unity cyclic representations had to be excluded since an intertwiner does 
not exist. Nevertheless, the hypersurface, the decomposition of the tensor product via the 
exact sequence ((25(1 and the quantum coadjoint action are equally well defined. It would be 
interesting to find the construction for cyclic representations also in this case. The functional 
relation ((128() derived for even roots of unity with N' odd might serve as a starting point. 
Another way to proceed is to exploit the quantum coadjoint action ((172(1 for even roots of 
unity. Again this subject is left to future investigations. 

Within the framework of the coordinate space Bethe ansatz spin-reversal symmetry is 
broken in the sectors ^ 0. The auxiliary matrices constructed in this work also break 
spin-reversal symmetry, cf (1130(1 . For example one has for the above one-parameter family 

= Qp^ the transformation, 

^QmW^^ (175) 

From this transformation law one infers that spin-reversal symmetry is restored when /i — > 1. 
In the construction presented here this amounts to choosing a reducible representation in the 
definition of l(22() . This transformation behaviour which has been derived from the algebra 
automorphism ((73() is different from previous constructed auxiliary matrices for the six- vertex 
model. Baxter's expression ((18() only applies to the spin-zero sectors where it does not break 
spin-reversal invariance in accordance with the Bethe ansatz. The auxiliary matrix considered 
in [23 breaks spin-reversal symmetry outside the sectors /S^ = due to an additional factor 
Sg , So G C in the "constant" ((2fi(l. 
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7.3 Outlook 



The difference between tfie two construction procedures for auxiliary matrices in tlie literature 
needs to be further clarified. We explicitly verified for the — sector of the four-chain 
that the auxiliary matrices constructed here are different form Baxter's expression (I18II . 

For the auxiliary matrices (|1()6|1 this is to be expected as Baxter's functional equation (jnj 
is formulated in terms of a single auxiliary matrix, while H24|l obtained from representation 
theory involves three different ones. 

This discrepancy between the functional equations is removed when summing the auxiliary 
matrices (|106|) over the points in a single fiber. (In the case of even roots of unity one has to 
sum over two fibers). One then obtains the solutions l|119|l to Baxter's functional equation 
(jnj which are defined on the base manifold SpecZo, cf (j2Zl- 

The solutions (fTTHI might be singular matrices in general, although for the spin-zero 
sector of the four-chain this was not the case. Singular matrices were also encountered for 
the auxiliary matrix (|106|l in the case of the three-chain. Whether these singularities persist 
for longer spin-chains needs to be numerically investigated. This is of particular importance 
in order to clarify whether all eigenvalues of the transfer matrix can be obtained using the 
method of auxiliary matrices. It would also shed further light on the differences between the 
two different construction methods. 

In this context it would also be of particular interest to make contact with the results 
in for 1 and investigate further the implications of the formal power series (I26|l . 

This would be another step forward to understand the representation theoretic meaning of 
the Bethe ansatz solutions for all values of the deformation parameter q. 

The construction procedure for auxiliary matrices at roots of unity presented here can be 
generalized to higher spin and higher rank. While the analysis of the irreducible represen- 
tations at roots of unity has been carried out for all simple quantum Lie algebras |20[ 1^ 
the crucial input needed is the existence of an evaluation homomorphism (|53|l . The latter 
allowed us to make contact with the corresponding quantum loop algebra underlying the 
respective trigonometric vertex model. Such evaluation homomorphisms only exist for sin 

. In the case of the other algebras it might depend on the specific nature of the evaluation 
representation whether one finds analogous results. 

The other generalization which comes to mind is the connection with elliptic models, most 
of all the eight-vertex model which historically has been the starting point for the observation 
of extra symmetries at roots of unity. Fabricius and McCoy observed H5j that the eigenvalues 
of the eight-vertex auxiliary matrix constructed by Baxter jl5j satisfy a functional equation 
at roots of unity which does not involve the transfer matrix. This functional equation in 
conjunction with sum rules for the Bethe roots allowed them to calculate the dimension of 
the degenerate eigenspaces of the transfer matrix. The formulation of an analogous functional 
equation for the six-vertex model is an open problem. 
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